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“Every day you may make progress. Every step may be

fruitful. Yet there will stretch out before you an ever-

lengthening, ever-ascending, ever-improving path.

You know you will never get to the end of the journey.

But this, so far from discouraging, only adds to the

joy and glory of the climb. ”— Winston Churchill
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Theoretical Solutions for Convective Flows

in Geophysically Motivated Regimes
by Robert J. Whittaker

This dissertation is concerned with theoretical solutions to problems in convection

motivated by flows in geophysical systems. Six problems are presented. Four involve

infinite-Prandtl-number convection in a non-rotating system (applicable to conditions

in the Earth’s mantle), and the other two are at finite Prandtl number and also include

strong rotational effects (more applicable to convection in oceans and the outer core).

In Chapters 2 and 3, two asymptotic solutions are obtained for the rise of an ax-

isymmetric plume from a source at the base of a half-space filled with very viscous

fluid. Solutions are obtained first for a point source with a prescribed buoyancy flux

B, and secondly for a heated disk with a prescribed temperature difference ∆T . The

internal structure of the plume is found using stretched coordinates, and this is matched

to a slender-body expansion for the external Stokes flow. For the disk, the boundary

layer which forms above it is analysed to determine the total heat flux.

In Chapter 4, a simple model is developed to describe steady sheared plumes

in very viscous fluid that are subject to deflection by a background flow. Key param-

eters and regimes are identified, and results are compared with previous models and

experimental studies.

In Chapter 5, a similarity solution is obtained numerically for the rise of a buoyant

thermal in Stokes flow, in which both the thermal’s linear extent and the height risen

scale like (κt)1/2. For weak thermals there are only slight deformations to a spherically

symmetric Gaussian temperature distribution. For strong thermals, the temperature

distribution becomes elongated vertically, with a long wake left behind the head. A

simple analytic model for strong thermals is obtained using slender-body theory.

In Chapter 6, the flow beneath a finite heated horizontal plate in a rapidly rotat-

ing system is considered, for the case where the Ekman layer is confined within a much

deeper thermal boundary layer. Solutions are derived in both planar and axisymmetric

geometries. In particular, the relationships between the Nusselt and Rayleigh numbers

are determined for the case of uniform plate temperature.

In Chapter 7, An alternative method of solution for a previously studied problem

of circulation in differentially heated rotating stratified fluid is presented. An

annular volume of fluid with a background thermal stratification maintained from the

top and bottom boundaries is subjected to a weak perturbing heat flux from the outer

boundary. The internal flow and temperature field are found using a Fourier–Bessel

expansion and effective asymptotic boundary conditions.
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Chapter 1

Introduction

“The last thing one knows when writing a book is what

to put first. ”— Blaise Pascal

Understanding the planet on which we live has been a long-time fascination for

mankind. Through mythological beliefs, religion, exploration and, more recently, the

application of science, the human race has sought to describe, comprehend and predict

the behaviour of the Earth.

Observing the behaviour of the atmosphere and, to some extent, the oceans is rela-

tively easy since they are accessible and transparent. The interior of the Earth poses a

far greater challenge. Not only is it inaccessible and opaque, but we are interested in its

past evolution over millions of years. We must rely on what what we can see and detect

at the surface today to infer the present and previous behaviour within. This we have

accomplished admirably, and in so doing have built up our current understanding of the

structure of the Earth (see figure 1.1). Key observables include surface topography and

chemistry, magnetic and gravitational fields, and detected seismic vibrations.

As far back as the eighteenth century, it was noted that the gravitational anomalies

due to mountain ranges were not as large as might be expected given their size and

estimated density. With more accurate measurements, the theory of isostasy was devel-

oped, whereby the crust was supposed to be floating (like an iceberg) on a denser but

more fluid-like medium below. The lighter crust had to be thicker below mountains in

order to support their weight, thus decreasing the gravitational anomaly.

It has long been noted that vibrations from major seismic events, such as earthquakes

and nuclear tests, at one location in the Earth can be detected all around the Earth’s

surface. Typically, various sets of waves arrive at a given point at different times after

each event. The conclusion is that the interior of the Earth is behaving elastically, with

reflections and refractions at internal interfaces leading to several ray-paths between any

pair of points (see figure 1.2). Careful studies of the arrival times of waves at multiple

1
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r Inner Core

r Outer Core

r Mantle

r Crust

Figure 1.1: Cut-away diagram showing the principal regions of the interior of the

Earth. The outer core is liquid, while the other three regions are solid. Nevertheless,

the mantle and crust are able to deform and move slowly over long enough time scales.

locations and from multiple events has allowed us to build up a picture of the different

layers present within the Earth, and also (when coupled with other information) to infer

the wave speeds and the other physical properties of these layers.

In an elastic solid there are two types of waves, pressure waves (denoted P) and

shear waves (denoted S). Liquids transmit only P-waves. Early observations saw an

apparent absence of S-wave transmission through the core of the Earth. This suggested

the core was liquid, though doubts remained. Conclusive evidence was provided by

Jeffreys (1926) who considered the Earth’s elastic response to tidal forces, and found it

to be incompatible with a completely solid Earth. Later seismic evidence showed that

there is also a solid inner core (Lehmann, 1936). With more accurate seismometers, and

greater numbers of recording stations, it is still a very active area of research to invert

the signals received and combine them with other information to gain more detailed

information about the interior structure and properties of the Earth.

The effects of the magnetic field at the surface of the Earth had certainly been noticed

by the twelfth century (and probably much earlier in China). Though the source and

nature of the field were not initially appreciated, the natural alignment of lodestones saw

them used as a navigational aid. In 1600 Gilbert published ‘De Magnete’, which included

the suggestion that the whole Earth was acting as a giant magnet. Later Gauss (1839)

used spherical harmonics to show that the magnetic field must be internally generated.

The slow secular variation of the field was known at that time, though this appeared to

be incompatible with the rigidity of the Earth. Suggestions of slowly moving magnetic

material inside the earth were later discounted since the internal temperatures are too
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Figure 1.2: Sketch showing a selection of idealised wave paths from a seismic event

near the Earth’s surface. P-waves and S-waves are marked in the interior, and the letters

at the receiving points are the notation used by seismologists to describe the different

ray paths. Information about the interior structure of the Earth can be inferred from

the the different arrival times of different waves at different points on the surface.

high for permanent magnetism to persist. A convecting liquid inner core provides a

suitable alternative; namely that the coupling between the fluid motion and magnetic

fields acts as a dynamo. The possibility of such a magnetohydrodynamic dynamo was

first suggested by Larmor (1919) in relation to the Sun.

The similarity in shape between the east coast of the Americas and the west coast

of Europe and Africa, together with similarities between the geology and fossil records

in the two continents, led to suggestions that the land masses were once joined. One of

the earlier proponents of this ‘continental drift’ was Wegener (1915), but his idea took

many decades to become accepted. Other evidence of plate motions, such as magnetic

banding parallel to ocean ridges (Vine & Matthews, 1963)1 and the identification of

transform faults (Wilson, 1965b), along with work concerning the possible rigid motions

on a sphere (McKenzie & Parker, 1967) were needed to cement the theory of plate

tectonics. Modern techniques to detect plate movements using satellites and accurate

ground-based measurement have confirmed that the various plates are moving relative

to one another, with typical velocities of a few centimetres a year.

The idea of convection in the Earth’s interior had been around for some time, but

was significantly developed by Holmes (1928, 1931). With the establishment of plate

1As new crust solidifies, information about the state of the Earth’s magnetic field at the time is

‘frozen in’. This can be detected as perturbation to the present field, and since the Earth’s field reverses

at irregular intervals (of the order of several hundred thousand years), these perturbations form bands

perpendicular to the direction of growth of the ocean floor away from the ridge.
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Thickness Density Kinematic Thermal Thermal

of layer Viscosity Diffusivity Expansivity

(km) (kg m−3) (m2 s−1) (m2 s−1) (10−6 K−1)

Crust 5–70 2700–3000 — 2 × 10−5 20

Mantle 2900 3000–5000 1016–1018 1 × 10−6 8–15

Outer Core 2200 11000 10−6 (†) 4 × 10−6 8–15

Inner Core 1200 13000 — 6 × 10−6 6.5

Table 1.1: Typical properties of the principal layers within the Earth (Stacey, 1992).

The values given are only approximate; many are poorly constrained, and many exhibit

spatial variability. † The viscosity of the outer core is not very well constrained, and

estimates vary widely (see Secco, 1995).

Radius Temperature Pressure

(km) (K) (G Pa)

Surface of the Earth 6400 288 10−4

Core–Mantle Boundary (CMB) 3500 4000 130

Inner-Core Boundary (ICB) 1200 5000 330

Centre of the Earth 0 5100 360

Table 1.2: Typical properties of the principal interfaces within the Earth (Stacey,

1992). The values given are only approximate and many are poorly constrained.

tectonics in the 1960s, such convection neatly fitted the bill for the source of the driving

force behind the motions. It was also argued by Tozer (1965) that such convection

was inevitable under mild assumptions concerning the properties of the mantle. The

idea of a convecting interior was also able to offer an explanation for the observed

‘hotspot’ island chains at the surface. Plume structures could penetrate the large-scale

overturning inferred from plate tectonics and provide a source of hot material at the

surface (Morgan, 1971, 1972). A relatively fixed deep mantle source, together with the

movement of the plates above, would account for the linear nature of the chains and the

trend in age along their length.

A much simplified view of our current understanding of the layers within the Earth

is shown in figure 1.1, and typical properties of the different layers and boundaries are

given in tables 1.1 and 1.2. A detailed ‘Preliminary Reference Earth Model’ (PREM)

was published by Dziewonski & Anderson (1981), which collated knowledge at the time

to produce the values of various properties at different depths within the Earth.
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At the centre of the Earth lies the inner core, which extends out to a radius of about

1200 km. Although the average temperature increases towards the centre of the Earth,

the inner core is solid due to the very high pressure there. The inner core is growing

by solidification at a rate of roughly 1mm per year as the Earth cools by heat loss

through the surface.2 The inner core is believed to comprise mainly solid iron, with

lighter elements being rejected at the inner-core boundary (ICB) during solidification.

Surrounding the solid inner core is the liquid outer core, with a thickness of about

2200 km. The outer core probably consists mainly of molten iron, with some nickel and

small amounts of other light elements such as silicon, oxygen and sulphur. The latent

heat and compositional buoyancy released at the ICB is likely to drive fairly vigorous

convection in the outer core. The typical velocities are inferred from geomagnetic secular

variation to be of order a millimetre per second, and the viscosity is low enough for

rotational (Coriolis) effects to be important. In addition, the high electrical conductivity

of the outer core leads to strong magnetic forces. The coupling between the magnetic

fields and fluid motion in this region is believed to be responsible for maintaining the

Earth’s (roughly dipolar) mean magnetic field.

The mantle occupies almost half the radius of the Earth, and accounts for about two

thirds of its mass. It consists of what we might think of as solid rock, but this is able

to ‘flow’ on sufficiently long timescales by so-called ‘creep’ mechanisms (deformation by

various sorts of molecular diffusion or by migration of dislocations). A variety of minerals

are present, with the main constituent elements being oxygen, silicon, magnesium and

iron. There is seismic evidence for weak discontinuities at depths of around 420 km and

660 km, which are probably due to phase changes in some of the constituent minerals.

Large-scale convective motions are coupled with the movement of the plates, so typical

velocities are a few centimetres per year.

The large-scale convection is believed to account for most of the heat transfer at

the top of the mantle. The evidence seems to suggest that the upwelling at mid-ocean

ridges is largely passive, and therefore the convection is driven by active down-welling

of denser plate material in subduction zones. It is also likely that the whole mantle

is involved in this overturning, rather than just an upper layer as has sometimes been

suggested in the past.

In addition to the large-scale overturning, there is evidence from both surface hot-

spots and theoretical studies of thermal boundary layers at the core–mantle boundary

2Though this growth might seem slow, the rate of solidification at the inner-core boundary is over

four orders of magnitude greater than the rate of iron and steel production by mankind on the surface

of the Earth.
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Core–Mantle

Continental CrustOceanic Crust

Island ChainMid-Ocean Ridge

Subduction

Boundary
Mantle Plume

Figure 1.3: Schematic showing the convection believed to be occurring within the

mantle. The plate movements above are coupled to the large-scale convection, and

smaller-scale plumes rise up from the core–mantle boundary below.

(CMB) for more localised convective features such as plumes and thermals. Such fea-

tures may have velocities of up to a couple of metres per year. While they do not

contribute much to the overall heat budget (estimates vary, but put it at the order of

about 10%) and are unlikely to affect the motion of the plates significantly, they are

an important secondary convection mechanism and required to account for some of the

observed surface features. A sketch of the different modes of mantle convection is shown

in figure 1.3.

The high viscosity of the mantle leads to very high Prandtl numbers (thought to

be greater than 1020). Due to the high viscosity and resulting low velocities, magnetic,

inertial and rotational effects are negligible. The overall temperature difference leads to

a global Rayleigh number in the range 104–108.

At the surface of the Earth, the atmosphere and oceans undergo various modes of

convection and circulation, driven by compositional and thermal gradients. The Prandtl

numbers for air and water are both O(1) over the relevant range of temperatures and

pressures, and the viscosity is many orders of magnitude smaller than in the mantle.

The Reynolds number is no longer small, and large-scale motions are dominated by

rotational effects. Therefore the nature of the convection is very different from that in

the mantle.

Mathematical modelling of geophysical flows can take many forms. The models

themselves can range in complexity from simple lumped-parameter box models to com-

plicated parameterisations involving many coupled variables. The solution methods

can range from exact analytic solutions to full-scale numerical simulations. In between

these extremes, there are a range of techniques for obtaining approximate solutions to



Chapter 1. Introduction 7

approximate systems of equations. All have value in helping us understand the physical

processes at work.

The problems solved in this thesis are all highly theoretical in nature. The approach

adopted is mostly to use asymptotic methods to derive complete solutions to systems of

equations that describe a well-defined and simple situation. Some numerical computa-

tions are also employed where analytic techniques cannot be applied. I do not claim that

the solutions are necessarily good models for realistic situations. Instead, their value lies

in aiding our understanding of the underlying physical processes. By solving simplified

systems, we get a feel for what more realistic solutions may look like, and which terms

will be important in the dominant balances. And of course, to a mathematician, the

problems presented here are also interesting mathematical problems in their own right.

In Chapters 2–5, we consider various problems in infinite-Prandtl-number convec-

tion, motivated by conditions in the Earth’s mantle. In Chapters 6 and 7, we consider

convection in a rapidly rotating system at O(1) Prandtl number, which would be ap-

propriate for the oceans and the outer core (though magnetic effects which would be

important in the latter are not included in the analysis). Each Chapter is written in

a self-contained manner and includes its own introduction with background details and

references.



Chapter 2

Steady Axisymmetric Creeping

Plumes above a Planar Boundary

(Part I: A Point Source)

“Each problem that I solved became a rule which served

afterwards to solve other problems. ”— René Descartes

Discours de la Méthode

Synopsis

Asymptotic solutions are obtained for the rise of an axisymmetric hot

plume from a localised source at the base of a half-space filled with very

viscous fluid. We consider an effectively point source, generating a pre-

scribed buoyancy flux B, and show that the length scale of the plume base

is z0 = (32πκ2ν/B), where ν and κ are the kinematic viscosity and thermal

diffusivity. The internal structure of the plume for z ≫ z0 is found using

stretched coordinates, and this is matched to a slender-body expansion for

the external Stokes flow. Solutions are presented for both rigid (no-slip) and

free-slip (no tangential stress) conditions on the lower boundary. In both

cases we find that the typical vertical velocity in the plume increases slowly

with height like (B/ν)1/2[log(z/z0)]
1/2, and the plume radius increases like

(zz0)
1/2[log(z/z0)]

−1/4.

A paper based on the work described in this chapter has been published in the Journal of

Fluid Mechanics (Whittaker & Lister, 2006a).

8
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2.1 Introduction

Steady plumes above a heated source are an important and canonical topic in convection.

The existence of localised plume structures in the Earth’s mantle (first suggested by

Morgan, 1971) provides one motivation to study the case of infinite Prandtl number.

However our results may have wider applications to other situations involving very

viscous fluids, for example in magma chambers and industrial processes such as glass

manufacture (Krause & Loch, 2002).

There have been various investigations of viscous plumes with both constant and

temperature-dependent viscosity. These have involved experiments, numerical simula-

tions, and analytical models. For example, recent experimental work on viscous plumes

has included that of Kaminski & Jaupart (2003), who focused mainly on the evolution of

starting plumes, and Kerr & Mériaux (2004), who considered the effects of an externally

applied shear flow on the trajectory of a rising plume.

On the theoretical side, four previous studies of isoviscous plumes are of particular

relevance to the work presented here and in Chapter 3. A detailed analysis of an infinite-

Prandtl-number plume at large Rayleigh number in two-dimensional convection was

carried out by Roberts (1977). In particular, by coupling the motion of the plume to the

thermal boundary layer directly above a distributed source, Roberts found asymptotic

relationships between the Nusselt and Rayleigh numbers for a heated strip.

An isolated axisymmetric plume in an unbounded volume of large-Prandtl-number

fluid was studied by Worster (1986). There is no pure Stokes flow solution for an isolated

plume in an unbounded domain, for much the same reason that Oseen corrections are

required for the problem of an infinite translating cylinder (see Lamb, 1911). Inertia

is important in the far field, and is required to provide a normalisation for the interior

flow. Worster (1986) derived a matched asymptotic expansion for Pr ≫ 1, comprising

a viscous–buoyancy dominated plume, and an inertia–viscous dominated outer flow.

Olson, Schubert & Anderson (1993) provide an idealised model for one of the prob-

lems we consider in Chapter 3: the distributed source with a free-slip boundary con-

dition. Finally, the related problem of an axisymmetric convection cell with free-slip

walls has been considered by Umemura & Busse (1989). The cell was forced by a fixed

temperature difference between the horizontal boundaries, and matched asymptotic so-

lutions were derived for the interior flow, a central plume, and the various boundary

layers adjacent to the walls.

Various authors, including Olson et al. (1993) and Loper & Stacey (1983), have

also considered the structure of plumes with variable viscosity, with emphasis on their

application to mantle convection. Such studies have tended to concentrate on the case
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of a very large viscosity contrast between the plume core and outer fluid. This leads to

the vertical motion being confined to a narrow conduit, surrounded by a much wider

thermal halo.

In this chapter, we consider a steady isoviscous axisymmetric plume rising above a

plane boundary from a point source of specified buoyancy flux (see figure 2.1). The prob-

lem is solved by considering separately a slender plume region (in which boundary-layer

approximations can be employed), and an outer Stokes flow (in which the temperature

is uniform). In Chapter 3, we consider the effects of a finite source at large Rayleigh

number, and to examine the thermal boundary layer that forms above it. The assump-

tion of constant viscosity is obviously a restriction, but it allows considerable progress

to be made in understanding the plume structure. Some discussion of the effects of

temperature-dependent viscosity can be found in §2.6.
Much of the work presented here and in Chapter 3 is essentially the axisymmetric

version of the two-dimensional planar problem studied by Roberts (1977). However, the

change in geometry has a significant effect on the nature of the solution. This is mainly

attributable to the fact that the solutions for the outer flow have differing behaviours

near the axis: with a planar geometry, the inner limit of the outer vertical velocity is

essentially independent of the width of the plume; with an axisymmetric geometry, we

have a logarithmic singularity (see §2.4) so the plume width is now coupled directly with

the vertical velocity inside the plume. This coupling complicates the solution somewhat.

The point-source problem addressed here is also similar to that studied by Worster

(1986) in an infinite fluid. However, the presence of a lower boundary in our problem

means that the introduction of inertial terms in the far field is no longer necessary

to balance the vertical force. This can be understood by considering the flow with a

planar boundary as the sum of that due to the plume’s buoyancy forces in the absence

of the boundary, and that due to an image system below the plane (see §2.4.1). The

image system cancels the leading-order Stokeslet terms and causes the far-field velocity

to decay more rapidly. Hence, while Worster’s equations for the inner region are very

similar to those which arise here, there are major differences in the outer flow, to which

the inner solution is matched.

This chapter is organized as follows. A detailed description of the problem and some

initial scaling arguments for the main features of the flow are presented in §2.2. In §§2.3–
2.5 we solve the problem by matching an inner plume region to an outer isothermal

Stokes flow in an asymptotic solution for a slender plume. Since the slender-body

expansion is only in inverse powers of a logarithm and hence slowly converging, we take

the trouble to calculate the first-order corrections to the leading-order terms. Finally,

some discussion and concluding remarks are presented in §2.6. Some of the techniques
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u

rθz

s

T

a(z)

Figure 2.1: A definition sketch for the point-source plume under investigation, showing

the coordinates s, z, r and θ that will be used to describe it, the plume radius a(z),

temperature profile T (s, z), and the velocity in the fluid u.

developed in this chapter are used further in Chapter 3, in which we consider the related

problem of the flow and temperature fields due to a distributed source.

2.2 Formulation and scaling

2.2.1 Governing equations and boundary conditions

We consider a steady vertical plume in the half-space z > 0 above a horizontal boundary

z = 0. The plume is generated by a localised source of heat close to the boundary, and

the far field is assumed to be quiescent with a background temperature T0. Inertial

effects are considered to be negligible, and the Boussinesq approximation employed. We

also assume that the kinematic viscosity ν is constant, and that the plume remains

axisymmetric. A sketch of the situation under consideration, along with the coordinate

systems used, is shown in figure 2.1.

The governing equations are the Stokes equations for incompressible flow, and the

steady advection–diffusion equation for heat. We use b = gβ(T − T0) to describe the

buoyancy distribution, where β is the coefficient of linear thermal expansion, and g is

the acceleration due to gravity. The governing equations are thus

ν∇2u = ∇p− bẑ , (2.1)

∇·u = 0 , (2.2)

(u ·∇) b = κ∇2b , (2.3)

where ẑ is the unit vertical vector, κ is the thermal diffusivity, and p is a modified

pressure.
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To satisfy the far-field conditions, we require u → 0 and b → 0 as r → ∞ with θ

fixed and 0 < θ ≤ π/2. We shall consider the effect of both rigid (u = 0) and free-slip

(ẑ · u = 0, (ẑ ·∇)u × ẑ = 0) boundary conditions on the horizontal boundary z = 0.

Conservation of heat allows us to define a vertical buoyancy flux B, which is inde-

pendent of the height z. Assuming that vertical advection dominates vertical diffusion,

we have

B = 2π

∫ ∞

0
wb s ds , (2.4)

where w = u · ẑ is the vertical velocity, and s is the horizontal radial coordinate. The

invariance of B may be derived from (2.2) and (2.3) by using the boundary conditions

and neglecting κbzz.

Here we consider a point source with a prescribed heat flux, and so B is simply a fixed

parameter of the system. For the distributed source considered in Chapter 3, B will need

to be determined by solving a thermal boundary-layer problem in the neighbourhood of

the source.

2.2.2 Separation of scales

Sufficiently far from the source, we expect a slender thermal plume of typical radius

a(z), surrounded by an outer region in which b ≈ 0. Within the inner plume region,

cylindrical polar coordinates (s, φ, z) are used, and a scaled radial coordinate ξ = s/a(z)

is introduced. For sufficiently large z, it is expected that a(z) ≪ z and boundary-layer

approximations can be employed.

Since the temperature is effectively uniform in the outer region, the velocity there

will be a Stokes flow with zero body force. It is driven only by the effect of the buoyancy

force in the plume, which is transmitted through the matching of the two regions. We

therefore expect the outer flow to have an O(1) aspect ratio, and the use of spherical

polar coordinates (r, θ, φ) is found to be convenient.

Solutions for the inner and outer regions are derived in §2.3 and §2.4 respectively.

The traction and velocity must be matched between the two regions in an intermediate

zone characterised by θ ≪ 1 and ξ ≫ 1. This is described in §2.5.

2.2.3 Scaling estimates

Simple scaling estimates can be employed to describe the plume. From the advection–

diffusion equation (2.3) and conservation of buoyancy (2.4) we obtain within the plume

w

z
∼ κ

a2
, wba2 ∼ B , whence b ∼ B

κz
. (2.5)
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Slender-body theory (see, for example, Cox, 1970; Leal, 1992, pp. 247–251) can be

used to provide an estimate for the rise velocity. This is a local calculation based on a

line of Stokeslets with local density F ∼ ba2. The leading-order result that

w ∼ F

2πν
log
(z
a

)
(2.6)

is unaffected by the precise form of the tangential velocity condition imposed on the

lower boundary. While the tangential component of the boundary condition does not

affect (2.6), the normal component u · ẑ = 0, which reflects the inhibition of vertical

flow owing to the presence of the boundary, is vital. Without something to balance

the vertical force, inertial effects in the far field would dominate, and there would be

no Stokes-flow solution. We would then be back to the situation analysed by Worster

(1986).

Combining (2.5) and (2.6), and introducing a length scale z0 ∝ (νκ2/B)1/2, we

obtain

w ∼
(
B

ν

)1/2[
log
(
z
a

)]1/2
, F ∼ (Bν)1/2

[
log
(
z
a

)]1/2 , a ∼ (z0 z)
1/2

[
log
(
z
a

)]1/4 . (2.7)

Finally, we argue that the vertical velocity inside the plume is dominated by a plug

flow w0(z), with the radial variation w̃(s, z) across the plume having a much smaller

magnitude. By substituting the scalings for a and b into the Stokes equation (2.1), we

obtain
νw̃

a2
∼ b ⇒ w̃ ∼

(
B

ν

)1/2

[log (z/z0)]
−1/2 . (2.8)

Therefore w̃ will indeed be much smaller than w0 for z ≫ z0. The separation of magni-

tudes, a ≪ z and w̃ ≪ w0, will now be exploited to derive inner and outer expansions

for the plume and the surrounding fluid.

2.3 The inner solution

2.3.1 Series expansion

Introducing a Stokes streamfunction, ψ(s, z), we write the horizontal and vertical veloc-

ities inside the plume as

u = u · ŝ = −1

s

∂ψ

∂z
, w = u · ẑ =

1

s

∂ψ

∂s
, (2.9)

From the advection–diffusion balance expressed in (2.5a), we expect the plume radius

to scale as a = (4κz/w0)
1/2, where w0(z) is the (as yet unknown) leading-order vertical
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velocity, which is horizontally uniform by (2.8). We therefore introduce a scaled radial

variable ξ, defined by

ξ =
s

a
= s

(
w0(z)

4κz

)1/2

. (2.10)

Based on the scalings of §2.2.3, we write the streamfunction and buoyancy fields in

terms of ξ and z. It is found to be convenient to keep the factor of 4 with κ, and to

introduce a factor of 2π in the expression for b. We therefore define

ψ = 4κz f(ξ; z) , b =
B

2π

g(ξ; z)

4κz
. (2.11)

With the definitions (2.10) and (2.11a), the vertical velocity is given by

w =
w0

ξ

∂f

∂ξ
, (2.12)

so we require f ′(ξ; z) ∼ ξ at leading order, where a prime (′) denotes differentiation with

respect to ξ. More precisely, we want this to hold as z → ∞ with ξ fixed, corresponding

to an asymptotically uniform vertical flow in each cross-section of the plume.

The expressions (2.11) for ψ and b are now substituted into the governing equa-

tions (2.1) and (2.3), and the buoyancy normalisation (2.4). After applying standard

boundary-layer approximations to neglect the vertical derivatives in the Laplacians and

the vertical gradient of the modified pressure, we obtain

1

ξ

∂

∂ξ

(
ξ
∂

∂ξ

(
1

ξ

∂f

∂ξ

))
= −ǫg , (2.13)

f ′ (−g + zgz) − (f + zfz) g
′ = 1

4

(
ξg′
)′
, (2.14)

∫ ∞

0
g f ′ dξ = 1 , (2.15)

where we have also introduced

ǫ(z) =
B

2πνw2
0

. (2.16)

For ǫ≪ 1 it is natural to consider the expansions

f(ξ; z) = f0(ξ) + ǫ(z)f1(ξ) +O(zǫz , ǫ
2) , (2.17)

g(ξ; z) = g0(ξ) + ǫ(z)g1(ξ) +O(zǫz, ǫ
2) . (2.18)

From the previous scalings (2.7), we expect to find that ǫ(z) ∼ (log z)−1. For the time

being, we need only assume that zǫz ≪ ǫ to obtain the correct ordering of terms in the

heat equation (2.14). Since ǫ is expected to be only logarithmically small in z, we shall

calculate both the leading-order and the O(ǫ) terms.

We note that there are also other eigenmodes of the heat equation (2.14), which

are the product of a negative integer power of z and a function of ξ. These modes are

investigated in Appendix 2.A, where it is argued that they decay algebraically rapidly

with z, and thus become insignificant compared with the terms shown in (2.18).
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2.3.2 The leading-order equations

We now substitute the expansions (2.17) and (2.18) into (2.13)–(2.15). Equating the

leading-order terms in ǫ, we obtain

1

ξ

∂

∂ξ

(
ξ
∂

∂ξ

(
1

ξ

∂f0

∂ξ

))
= 0 , (2.19)

(
ξg′0
)′

+ 4
(
f ′0g0 + f0g

′
0

)
= 0 , (2.20)

∫ ∞

0
g0f

′
0 dξ = 1 . (2.21)

The leading-order Stokes equation (2.19) is readily solved to give

f0(ξ) = 1
2ξ

2 . (2.22)

Two constants of integration are used to satisfy regularity conditions at ξ = 0 (cor-

responding to no mass source and no forcing singularity), and the third is set by the

requirement that the vertical velocity (2.12) is precisely w0(z) at leading order.

We now substitute f0(ξ) into (2.20) and (2.21). The leading-order heat equation

(2.20) is integrated to obtain

g0(ξ) = 2e−ξ
2

. (2.23)

One constant of integration is set to avoid a singularity at ξ = 0, and the other so that

the normalisation condition (2.21) is satisfied.

Equations (2.22) and (2.23) constitute the leading-order solution for the velocity and

temperature fields inside the plume.

2.3.3 The first-order equations

Equating the O(ǫ) terms in (2.13)–(2.15), we obtain

1

ξ

∂

∂ξ

(
ξ
∂

∂ξ

(
1

ξ

∂f1

∂ξ

))
= −g0 , (2.24)

(
ξg′1
)′

+ 4
(
f ′0g1 + f0g

′
1

)
= −4

(
f ′1g0 + f1g

′
0

)
, (2.25)

∫ ∞

0

(
g0f

′
1 + g1f

′
0

)
dξ = 0 . (2.26)

These are solved in an analogous manner to the leading-order equations (2.19)–(2.21).

Equation (2.24) is integrated to give

f1(ξ) = 1
2Aξ

2 − 1
4ξ

2
(
2 log ξ + Ei(ξ2) + γ − 1

)
+ 1

4

(
e−ξ

2 − 1
)
, (2.27)

where Ei(x) =
∫∞
1 t−1e−xt dt, and γ = 0.5772 . . . is Euler’s constant. As before, two

constants of integration are set by regularity conditions at ξ = 0. The third constant A
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Figure 2.2: The leading and first-order profiles of the dimensionless temperature g

and vertical velocity f ′/ξ within the plume. The two versions of the first-order func-

tions f1 and g1 are for the values (2.51) of the constant A that arise with free-slip and

rigid boundary conditions. The rigid case corresponds to the lower velocity and higher

temperature. Note the logarithmic behaviour in the velocity f ′/ξ as ξ → ∞.

sets the magnitude of a vertical plug flow proportional to ǫ(z), and can be found only

by matching with the outer solution. As we shall see, the value of A depends on the

boundary condition on the tangential velocity (free-slip or rigid) at z = 0.

Equation (2.25) can now be integrated subject to the normalisation condition (2.26)

to obtain a somewhat complicated closed-form expression for g1(ξ). A graph of g1

together with the other inner functions is presented in figure 2.2. Higher-order terms

may also be calculated, but will not be reported here.

Having calculated f0 and f1, we substitute the series (2.17) into (2.12) to obtain

w ∼ w0(z)

[
1 + ǫ(z)

(
− log ξ − 1

2
Ei(ξ2) +A− γ

2

)
+ . . .

]
. (2.28)

For matching with the outer solution, we require the asymptotic form of this expression

as ξ → ∞. In this respect, observe that Ei(ξ2) decays exponentially like ξ−2e−ξ
2

.
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Figure 2.3: Sketches depicting the image system for a Stokeslet located a distance d

above a plane boundary x ·n = 0. The systems for both free-slip (left) and rigid (right)

boundary conditions are shown. The mirrored force is given by F ∗ = F ·(I− 2nn), and

the stresslet moment is S = −d
(
F ∗n + nF ∗ − 2

3(n ·F ∗)I
)
.

2.4 The outer solution

2.4.1 Integral representation

The outer velocity field is completely determined by the buoyancy distribution b(x) of

the inner solution, together with the conditions imposed on the horizontal boundary.

The flow field can be expressed in terms of this forcing using an extension to the standard

Stokeslet integral representation.

A general solution for Stokes flows in the presence of a rigid plane boundary was

first given by Lorentz (1907). For a single Stokeslet, Blake (1971) showed that the flow

may be expressed as the sum of a finite number of singularities as shown in figure 2.3

(see also Pozrikidis, 1992, §3.3). Solutions for a buoyancy distribution can then be

constructed by linear superposition as

u(x) =
1

8πν

∫

z′>0
b(x′) ẑ ·K(x;x′) d3x′ , (2.29)

where K(x;x′) = J(x − x′) + J∗(x − R · x′, z′). Here, J is the Oseen tensor, given by

J(x) =

(
I

|x| +
xx

|x|3
)
, (2.30)

J∗ is the Green’s function for the corresponding image system at the mirror point R ·x′,

and R = I − 2ẑẑ is the reflection tensor about z = 0.

For the case that the forcing is everywhere perpendicular to the plane, the image

Green’s function J∗ simplifies somewhat. For the free-slip boundary condition, we find
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that ẑ ·J∗(x, z′) = −ẑ ·J(x). For the rigid boundary condition,

ẑ ·J∗(x, z′) = −ẑ ·J(x) − 3(x ·S ·x)x

|x|5
+ 2z′2ẑ ·

(
− I

|x|3
+

3xx

|x|5
)
, (2.31)

where S = 2
3z

′(3ẑẑ − I) is the stresslet moment and the final term represents a source

dipole. (The absence of a rotlet term in this case may be deduced by symmetry consid-

erations alone.)

2.4.2 Multi-pole expansion

Equation (2.29) holds for a general buoyancy distribution, but we now exploit the fact

that the buoyancy in the plume is confined to a narrow region of radius O(a), where

a ≪ z. We can then consider a multi-pole expansion, valid for locations outside the

plume. Since the buoyancy distribution is confined in the radial direction but not the

vertical, we expand in terms of the radial moments, leaving the vertical integrals intact.

We obtain

u(x) =
1

8πν

∫ ∞

0
F (z′) ẑ ·K(x; z′ẑ) dz′

+
1

8πν

∫ ∞

0
M(z′) ẑ ·∇2

hK(x; z′ẑ) dz′ + . . . , (2.32)

where

F (z) = 2π

∫ ∞

0
b(s, z) s ds =

B

w0

∫ ∞

0
g(ξ; z) ξ dξ , (2.33)

M(z) =
π

2

∫ ∞

0
b(s, z) s3 ds =

B

w0

a2

4

∫ ∞

0
g(ξ; z) ξ3 dξ . (2.34)

These moments of the buoyancy distribution may be expanded as series in ǫ. For

the vertical force density F (which turns out to be of greatest interest) we can use the

normalisation integrals (2.21) and (2.26) to evaluate each term Fk without requiring full

knowledge of the corresponding function gk(ξ). Thus

F (z) =
B

w0

(∫ ∞

0
g0(ξ) ξ dξ + ǫ(z)

∫ ∞

0
g1(ξ) ξ dξ + . . .

)

=
B

w0

(
1 − ǫ(z)

∫ ∞

0
g0(ξ)f

′
1(ξ) dξ + . . .

)

=
B

w0

(
1 − ǫ(z)

(
A− 1

2 log 2
)

+ . . .
)
. (2.35)

This manipulation is possible because the leading-order velocity is horizontally uniform

within the plume, and so pairs of terms in the buoyancy flux and force integrals involve

the same moments of gk(ξ). We can therefore swap the integral of ξgk(ξ) for one involving
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only terms of the form f ′i(ξ)gj(ξ) with i ≤ k and j < k. In particular, the leading-

order component F0(z) = B/w0(z) is independent of the radial structure g(ξ; z) of the

buoyancy distribution. At the next order, it is not necessary to have found g1 explicitly

in order to calculate F1.

2.4.3 Evaluation of the outer velocity field

The detailed calculation of the outer velocity field is best left until the form of w0(z)

has been determined, and is presented in Appendix 2.B. For now, we concentrate on

the asymptotic form of the outer solution as s/z → 0, since this is all that is required

for matching with the inner solution.

Defining K(s, z; z′) = ẑ ·K(x, z′ẑ) · ẑ, the vertical component of (2.32) is given by

8πν w(s, z) =

∫ ∞

0
F (z′)K(s, z; z′) dz′ +

∫ ∞

0
M(z′)∇2

hK(s, z; z′) dz′ + . . . . (2.36)

With the free-slip boundary condition we have

K(s, z; z′) =
s2 + 2(z − z′)2

(s2 + (z − z′)2)3/2
− s2 + 2(z + z′)2

(s2 + (z + z′)2)3/2
, (2.37)

whereas for the rigid case we have

K(s, z; z′) =
s2 + 2(z − z′)2

(s2 + (z − z′)2)3/2
− s2 + 2(z + z′)2

(s2 + (z + z′)2)3/2
+

2zz′
(
s2 − 2(z + z′)2

)

(s2 + (z + z′)2)5/2
. (2.38)

The first term on the right-hand sides of (2.37) and (2.38) represents a line of

Stokeslets along the plume axis. It is of the same asymptotic form as the integrand

in slender-body theory, and gives a logarithmically large contribution to the velocity.

The second term in each equation represents the image Stokeslet. It cancels the O(z′−1)

behaviour of the Stokeslets, which would otherwise prevent the integrals from converg-

ing as z′ → ∞. For the rigid case, there is also a third term which represents the

higher-order singularities (stresslet and source dipole) in the image system.

We are interested primarily in the region s ≪ z. Then for |z′ − z| ≪ z, K(s, z; z′)

is dominated by the first term, and so behaves like the usual integrand in slender-

body theory. However, away from this region the decay is faster: as z′ → ∞ we have

K = O(z′−2) for the free-slip case and K = O(z′−3) for the rigid case; as z′ → 0 we have

K = O(z′) for the free-slip case and K = O(z′2) for the rigid case.

From the estimate (2.7a) for w0, we expect F and M to be slowly varying logarithmic

functions of z′. As will be checked later, we therefore make only an asymptotically small

error by approximating F (z′) and M(z′) by their values at z′ = z, where the dominant

contribution to the integrals occurs.
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Figure 2.4: The dimensionless leading-order radial velocity as a function of polar

angle. The dimensional form is ur(r, θ) ∼ B1/2[4πν log(r/z0)]
−1/2 Ψ′

0(θ)/ sin θ, where

Ψ0 is given by (2.71) or (2.73). Note the logarithmic divergence as θ → 0.

The factors F (z) and M(z) can then be moved outside the integrals, leaving integrals

ofK and its horizontal derivatives. These may be evaluated explicitly, and the behaviour

as s/z → 0 determined. We find that

∫ ∞

0
K(s, z; z′) dz′ = −4 log

(s
z

)
+ 4(log 2 − δ) +O

(
s2

z2

)
, (2.39)

∫ ∞

0
∇2

hK(s, z; z′) dz′ =
4

z2

[
(1 + 2δ) +O

(
s2

z2

)]
, (2.40)

where δ = 1
2 for the free-slip case, and δ = 1 for the rigid case. The integrals of

higher derivatives of K (corresponding to higher-order moments of the inner buoyancy

distribution) are at most O(z−4).

Combining (2.35), (2.36) and (2.39), we find that

w ∼ B

2πνw0(z)

[
1 − ǫ(z)

(
A− 1

2 log 2
)

+ . . .
][
− log

(s
z

)
+ (log 2 − δ) + . . .

]
, (2.41)

at the inner edge of the outer solution. To obtain this expression, we have approxi-

mated F (z′) by F (z) as mentioned above, and also neglected any contributions from

terms involving M(z). The errors generated by these and the other approximations are

quantified later.
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2.5 Matching the vertical velocity

The temperature, velocity, and traction from the inner and outer solutions must now be

matched in the intermediate region given by ξ ≪ 1 and θ ≪ 1. However, the temperature

is already taken care of (to the orders in which we are interested) since it is exponentially

small at the outer edge of the inner solution, and is assumed to be zero throughout the

outer solution. The traction is also taken care of, since it is directly related to the

internal buoyancy of the plume, which was used to derive the outer solution.

This just leaves the velocity to be matched. We need only match the vertical com-

ponent, since the horizontal component will follow by incompressibility. Formally, we

should use an intermediate variable for the matching but, for simplicity, we shall just

re-write the outer solution in terms of the inner variables (ξ, z). It will suffice to keep

track of the range of ξ in the matching region, and to ensure that the neglected terms

are strictly smaller than those retained.

2.5.1 Inner and outer expansions

First, we observe that

s

z
= ξ

(
4κ

zw0

)1/2

= ξǫ1/4
(
z

z0

)−1/2

, where z0 =

(
32πκ2ν

B

)1/2

. (2.42)

A quick matching of the leading-order behaviour of the vertical velocity between the

inner (2.28) and outer (2.41) solutions gives

w0(z) ∼ − B

2πνw0
log
(s
z

)
= w0ǫ log

(
ξ−1ǫ−1/4

(
z

z0

)1/2
)
, (2.43)

where we have made use of (2.16) which defines ǫ in terms of w0. We thus obtain

ǫ(z) ∼ 2 [log (z/z0)]
−1 and w0(z) ∼ (B/4πν)1/2 [log (z/z0)]

1/2, which is consistent with

the scaling estimates of §2.2.3.
Now the form of ǫ is known, we are in a position to do a formal matching of the ve-

locities, ordering the various terms correctly. Note that the matching region corresponds

to a≪ s≪ z, or equivalently 1 ≪ ξ ≪ ǫ−1/4(z/z0)
1/2.

From (2.28), we obtain

w

w0
∼ 1 − ǫ log ξ + ǫ

(
A− γ

2

)
+ . . . , (2.44)

at the outer edge of the inner plume solution. The sizes of the correction terms are O(ǫ2)

from neglecting terms f2 and above, O(ǫ ξ−2e−ξ
2

) from the large-ξ approximation, and

O(ξ2ǫ1/2z0/z) from the use of a boundary-layer approximation within the plume.
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Figure 2.5: Streamlines for the outer flow, including the zeroth and first-order terms,

as calculated in Appendix 2.B. The left-hand plot corresponds to the free-slip boundary

condition, while the right-hand plot is for the rigid case. Note that, since we are in an

axisymmetric geometry, the velocities near the axis are higher than might initially be

inferred from the streamline separations (see figure 2.4).

From the inner limit of the outer solution (2.41), we obtain

w

w0
∼ 1

2
ǫ log

(
ǫ−1/2 z

z0

)
− ǫ log ξ

+ ǫ
(
log 2 − δ

)
− 1

2
ǫ2
(
A− 1

2
log 2

)
log

(
ǫ−1/2 z

z0

)
+ . . . . (2.45)

The correction terms are O(ǫ2) from the remaining contribution to F1, O(ǫ3 log(z/z0))

from higher-order terms in the expansion of F , O(ξ2ǫ1/2z0/z) from the truncation of the

expansion of the K integral, O(ǫ1/2z0/z) from neglecting the contribution from M and

higher moments, and O(ǫ/ log(z/z0)) from approximating F (z′) by F (z).

By a slight narrowing of the matching region to ǫ1/2 . ξ . ǫ3/4(z/z0)
1/2, we can

ensure that the errors in the inner and outer expansions are all O(ǫ2) or smaller. This

allows us to match (2.44) and (2.45) up to O(ǫ).

2.5.2 Formal matching

Comparing the leading-order terms in (2.44) and (2.45), we obtain

1 =
1

2
ǫ log

(
ǫ−1/2 z

z0

)
+O(ǫ) . (2.46)

Note that we have some freedom in choosing ǫ to satisfy this equation, since any O(ǫ)

discrepancy is permitted. We make the most simple and convenient choice by defining
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ǫ(z) to be the smaller of the two roots of

2

ǫ
+

1

2
log ǫ = log

(
z

z0

)
, (2.47)

(assuming that z/z0 ≥ 2
√

e). Different choices would only change ǫ slightly (the differ-

ence not appearing until the third term in the expansion (2.48)). They would also result

in an extra term appearing in the O(ǫ) matching below, which in turn would alter the

value of A given in (2.51). However, when the full solution is reconstructed these two

effects necessarily cancel each other out.

Expanding ǫ in powers of log(z/z0), we obtain

ǫ(z) =
2

log(z/z0)

(
1 − log log(z/z0)

2 log(z/z0)
+

log 2

2 log(z/z0)
+ . . .

)
, (2.48)

and from (2.16), the corresponding series for w0 is

w0(z) =

(
B log(z/z0)

4πν

)1/2(
1 +

log log(z/z0)

4 log(z/z0)
− log 2

4 log(z/z0)
+ . . .

)
. (2.49)

The log ξ terms in (2.44) and (2.45) match already, owing to the fact that we have

already matched the vertical force F (z) (to leading order) between the inner and outer

solutions. Equating the remaining O(ǫ) terms in (2.44) and (2.45), we obtain

A− γ

2
= log 2 − δ −

(
A− 1

2
log 2

) [
1

2
ǫ log

(
ǫ−1/2 z

z0

)]
. (2.50)

Noting that the factor in square brackets is equal to unity by our choice of ǫ, we deduce

that

A =
1

4

(
γ + 3 log 2 − 2δ

)
. (2.51)

Recall that γ is Euler’s constant, while δ = 1
2 for the free-slip boundary condition, and

δ = 1 for the rigid case. As would be expected on physical grounds, the free-slip case

has a slightly larger vertical velocity, but a slower rate of increase of this velocity as the

plume rises away from the boundary.

We have now determined ǫ(z), w0(z) and A by matching. Substituting these expres-

sions back into the results of §2.3, we obtain the inner solution explicitly, accurate to

O(ǫ). The full outer solution is derived to the same accuracy in Appendix 2.B. The

leading order radial velocity is shown in figure 2.4, and streamlines for the outer flow

are shown in figure 2.5.
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2.6 Discussion and concluding remarks

2.6.1 Summary

In this chapter we have studied the form of an axisymmetric plume rising from a point

source above a plane boundary in very viscous fluid. The base of the plume is defined

by a vertical length scale z0 = (32πκ2ν/B)1/2, which is the scale on which advection

becomes comparable with diffusion, and also on which the plume has an O(1) aspect

ratio. We have derived an asymptotic solution valid for z ≫ z0 by matching a slender

plume region to the flow induced in the surrounding fluid. The plume width a is found

to increase with height like (z0z)
1/2 [log (z/z0)]

−1/4, and the typical vertical velocity in

plume w0 increases slowly like (B/ν)1/2 [log (z/z0)]
1/2. The condition on the tangential

velocity at the lower boundary is found to have no effect on the leading-order terms, and

enters only at first order in a slender-body expansion in inverse powers of log(z/z0). We

have calculated these first-order correction terms for both rigid and free-slip boundary

conditions. Since slender-body expansions are only slowly converging, the second-order

corrections may be a few percent even at z = 100z0.

The vertical velocity within the plume has two distinct components. First, there

is a horizontally uniform component w0. This is required to match the velocity in the

outer fluid, which in turn is a global response to the buoyancy forces inside the plume.

Secondly, there is a non-uniform component w̃, which is driven directly by the local

buoyancy forces in the plume (via the Stokes equation). With the uniform viscosity

considered here, the facts that the plume is slender and that w (and its derivative) must

be matched to an outer flow with O(1) aspect ratio means that w0 ≫ w̃ and the uniform

component dominates. This was shown in §2.2.3, and underpins the series expansion in

ǫ that is used in this analysis.

2.6.2 Effects of temperature-dependent viscosity

If the viscosity decreases with temperature, then w̃ will have a larger curvature and is

able to be larger near the centre of the plume without increasing the shear stress near

the edge. It is now quite possible that w̃ will dominate w0 in a central region near

the axis (see figure 2.6). With a sufficiently large viscosity contrast, this central region

can provide the main contributions to the vertical heat and mass fluxes. The uniform

component w0 (and hence the whole outer flow and associated matching problem) can

then be neglected. This case of strong viscosity variation has been studied by Loper &

Stacey (1983) and Olson et al. (1993), under the approximation that the narrow inner

conduit sees little radial variation in temperature.
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(a) (b) (c)

Figure 2.6: Sketches of the expected vertical velocity profiles within a plume with (a)

uniform viscosity, and (b, c) with increasing temperature-dependent viscosity contrasts.

The velocity profiles are shown normalised by the centre-line velocity. However, it may

be more natural to consider the uniform component (which is set mainly by the outer

viscosity) to have the same order of magnitude in some comparisons of the three cases.

The method employed in the present work can easily be extended to cover the case

of weak viscosity variation in which w̃ ≪ w0 still holds. The leading-order result is

unaltered, but many of the integrals for the first-order corrections would need to be

calculated numerically. It would be more interesting to consider the intermediate case

(depicted in figure 2.6b) where w0 and w̃ are comparable, since this regime covers the

transition from large viscosity contrast to uniform viscosity.

We note, however, that as z increases both the aspect ratio of the plume and the

centre-line temperature decrease. These effects both serve to decrease the magnitude

of the non-uniform component w̃ relative to the uniform component w0. Thus, for

sufficiently large z, any plume should be well-approximated by the uniform viscosity

solution obtained here.

2.6.3 Consideration of inertial effects

Unlike the case of an isolated plume (see Worster, 1986), we have obtained a solution

without the necessity of including inertial effects in the far field. Nevertheless, if the

Prandtl number is finite, inertia starts to play a role sufficiently far from the source.

The vertical velocity within the plume increases logarithmically with height. This is

compensated for by the increasingly parallel nature of the flow, such that the effective

Reynolds number (wwz)/(ν∇2
h w̃) in the plume is O(Pr−1) (see equations (2.7) and (2.8))

and hence small. However, outside the plume, the increasing length scale r of the flow

dominates the slow logarithmic decrease of the velocity, so that inertial effects need to

be reintroduced in the external flow when

r

z0
≈ Pr (log Pr)1/2 . (2.52)
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It should be noted that the inertial corrections at very large distances do not have a

leading-order effect on the flow within the radius given by (6.1), in much the same way

that the Oseen correction for a translating sphere does not affect the Stokes solution near

the sphere. The solution described in this chapter is thus the appropriate asymptotic

description out to r = O(z0Pr(log Pr)1/2); at greater distances, inertial effects influence

the velocity outside the plume and the appropriate description is that of Worster (1986).

Appendicies

2.A Eigenmode corrections to a Gaussian buoyancy dis-

tribution

The temperature distribution in the plume is a result of advective and diffusive effects

acting on the initial temperature profile emerging from the source. As we observed in

§2.3, at leading order the advective effects correspond to those due to a uniform flow.

We therefore expect the details of the initial profile to be lost as z increases, and the

temperature distribution to relax towards the Gaussian form (2.23).

In §3 it was reasonably clear that the leading-order solution to (2.13) for ǫ ≪ 1

should be f0 = 1
2ξ

2 corresponding to uniform flow. It was less clear that the leading-

order solution to (2.14) for g should also be independent of z, as assumed in (2.18). If

we relax this assumption then we obtain the equation

(
ξg′0
)′

+ 4ξ (g0 − zg0z) + 2ξ2g′0 = 0 . (2.53)

The general solution of (2.53) that is regular at ξ = 0 and decays as ξ → ∞ may be

written as the sum of separable solutions

g0(ξ; z) =

∞∑

n=0

αn
zn
Gn(ξ)e

−ξ2 , (2.54)

where

G′′
n +

(
1

ξ
− 2ξ

)
G′
n + 4nGn = 0 . (2.55)

Equation (2.55) is the two-dimensional analogue of the Hermite equation, which

arises in separable solution of the diffusion equation in one and three dimensions. With

a suitable normalisation, the functions Gn are related to the Laguerre polynomials Ln

by Gn(ξ) = Ln(ξ
2), and are thus polynomials of degree 2n which are orthogonal on

(0,∞) with weight function ξe−ξ
2

. The first few are

G0(ξ) = 1 , G1(ξ) = 1 − ξ2 , G2(ξ) = 1 − 2ξ2 + 1
2ξ

4 . (2.56)
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The analysis of §3 is based on retaining only the z-independent mode n = 0. The

physical significance of the other modes is that they describe diffusive relaxation of g0

with z from some initial profile towards the Gaussian profile (3.15). We note that there

is a near-source region at the base of the plume of size a ∼ z ∼ z0 in which the full

Stokes and heat equations (2.1) and (2.3) need to be solved. Treating the temperature

profile emerging from this region as the initial profile for g0, we find that αn = O(zn0 )

and hence the neglected modes decay like (z0/z)
n for n ≥ 1. Since the slender-body

expansion of the flow is in inverse powers of log(z/z0), these algebraically decaying

modes are asymptotically negligible.

The diffusive relaxation of the temperature distribution is more significant in the

case of a distributed source studied in Chapter 3. There we find a critical height z∗,

which is much larger than the length scale of the source. For z ≪ z∗, the heat equation

is dominated by advective terms, and diffusive effects only re-enter at z = O(z∗). The

eigenmode expansion (2.54) describes the diffusive relaxation of the plume for z & z∗and

provides an alternative to the solution by a Green’s function (see Appendix 3.A).

2.B Calculation of the full outer velocity field

Having determined ǫ(z), w0(z), and A in §2.5 (see equations 2.48, 2.49, and 2.51), the

interior buoyancy distribution is known explicitly up to first order as a function of s

and z. Using a suitable expansion in inverse powers of log(r/z0), it is now possible to

calculate the first few terms in an expansion of the outer velocity field u(r, θ). We work

from the multi-pole expansion (2.32) and the expression

F (z) =

(
4πνB

log(z/z0)

)1/2
(

1 − log log(z/z0)

4 log(z/z0)
+
δ − 1

2γ − 1
4 log 2

log(z/z0)
+ . . .

)
, (2.57)

for the Stokeslet line-density, which is derived from (2.35). The contributions from M(z)

and higher moments are algebraically small in r/z, and so can safely be neglected outside

the plume.

We note that, unlike the planar case analysed by Roberts (1977) and the convec-

tion cell of Umemura & Busse (1989), the vertical force in the plume has a non-trivial

dependence on z, and the calculation of the external flow is therefore more complicated.

Only one velocity component needs to be found directly from (2.32); the full flow-

field can then be recovered using incompressibility. We choose the horizontal component

u = u · ŝ because the individual terms in its integral decay most rapidly, and there is

no need to rely on inter-term cancellations to obtain convergence.
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After changing variables to the more natural spherical polar coordinates (r, θ, φ), we

obtain

u(r, θ) ∼ 1

8πν

∫ ∞

0
F (Xr)Θ(θ,X) dX , (2.58)

where X = z′/r, and for the free-slip boundary condition

Θ(θ,X) =
sin θ(cos θ −X)

(1 − 2X cos θ +X2)3/2
− sin θ(cos θ +X)

(1 + 2X cos θ +X2)3/2
, (2.59)

whereas for the rigid boundary condition

Θ(θ,X) =
sin θ(cos θ −X)

(1 − 2X cos θ +X2)3/2
− sin θ(cos θ −X)

(1 + 2X cos θ +X2)3/2

−6 sin θ cos θ(cos θ +X)X

(1 + 2X cos θ +X2)5/2
. (2.60)

In both cases, the form of Θ(θ,X) is such that the dominant contribution to the

integral occurs at X = O(1) (i.e. z′ = O(r)) rather than X ≪ 1 or X ≫ 1. Physically,

this is because of the near cancellation of the Stokeslet and its image for points much

closer or farther away from the origin than the point (r, θ) under consideration. We

therefore expand F (Xr) for z0/r ≪ X ≪ r/z0, using (2.57) and

[log (Xr/z0)]
α = [log (r/z0)]

α

(
1 +

α log(X)

log(r/z0)
+ . . .

)
. (2.61)

It is this step that was not possible in §2.4 before the form of ǫ, w0, and hence F were

known.

Equation (2.58) is then rewritten as a series of integrals, whose dependence on r can

be separated from the integrands. We obtain

u(r, θ) ∼
(

B

16πν log(r/z0)

)1/2{
U0(θ)

(
1 − log log(r/z)

4 log(r/z0)

)
+

U1(θ)

log(r/z0)
+ . . .

}
, (2.62)

where

U0(θ) =

∫ ∞

0
Θ(θ,X) dX , (2.63)

U1(θ) = −1

2

∫ ∞

0
Θ(θ,X) logX dX +

(
δ − 1

2γ − 1
4 log 2

)
U0(θ) . (2.64)

For the free-slip case we obtain

U0(θ) = −2 sin θ , (2.65)

U1(θ) = − sin θ log
(

1
2 sin θ

)
+
(
δ − 1

2γ − 1
4 log 2

)
U0(θ) , (2.66)



Chapter 2. Steady Creeping Plumes (Point Source) 29

whereas for the rigid case

U0(θ) = −2 sin θ +
2(1 − cos θ)2

sin θ
, (2.67)

U1(θ) = − sin θ log
(

1
2 sin θ

)
+

(1 + cos θ)2

sin θ
log(cos 1

2θ)

+
(1 − cos θ) cos θ

sin θ
+
(
δ − 1

2γ − 1
4 log 2

)
U0(θ) . (2.68)

The Stokes streamfunction Ψ(r, θ) is obtained from u by integration of

u =
1

r2
∂Ψ

∂θ
− cos θ

r sin θ

∂Ψ

∂r
. (2.69)

Since there is no vertical flow across the horizontal boundary θ = π/2, we may impose

Ψ(r, π/2) = 0 without loss of generality. This condition determines the constant of

integration, and we obtain

Ψ(r, θ) =

(
B

4πν log(r/z0)

)1/2

r2
{

Ψ0(θ)

(
1 − log log(r/z0)

4 log(r/z0)

)
+

Ψ1(θ)

log(r/z0)
+ . . .

}
.

(2.70)

With the free-slip boundary condition, we have

Ψ0(θ) = sin2 θ log cot 1
2θ , (2.71)

Ψ1(θ) = − sin2 θ

(
log(tan 1

2θ) log(sec 1
2θ) + 1

2Li2(− tan2 1
2θ) +

π2

24

)

+
(
δ − 1

2γ − 1
4 log 2

)
Ψ0(θ) , (2.72)

while for the rigid case

Ψ0(θ) = sin2 θ log cot 1
2θ − (1 − cos θ) cos θ , (2.73)

Ψ1(θ) = − sin2 θ

(
log(tan 1

2θ) log(sec 1
2θ) + 1

2Li2(− tan2 1
2θ) +

π2

24

)

− cos θ(1 + cos θ) log(cos 1
2θ) +

(
δ − 1

2γ − 1
4 log 2

)
Ψ0(θ) , (2.74)

where Li2(z) =
∫ 0
z t

−1 log(1− t) dt is a dilogarithm. As before, δ = 1
2 and 1 respectively,

for the free-slip and rigid boundary conditions. The streamlines of this outer flow are

plotted for each boundary condition in figure 2.5, and the leading-order radial velocity

is shown in figure 2.4. It may be verified that the vertical velocity computed from (2.70)

is consistent with the asymptotic limit for θ ≪ 1 which was derived in §2.4.3.
By repeating the calculations above with F (z) = F0, it is easy to show that the

streamfunction for a uniform Stokeslet line-density along the axis is given by

Ψ(r, θ) =
F0

4πν
r2 Ψ0(θ) , (2.75)
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where Ψ0(θ) is as defined in (2.71) or (2.73) depending on the lower boundary condition.

Therefore, at the point (r0, θ0), the leading-order outer velocity for a point-source plume

is equal to the velocity that would occur there due to a uniform Stokeslet distribution

along the axis with line-density F0 = F (r0). This reinforces the earlier observation that

the leading-order contribution to the velocity at radius r comes from the forcing on the

axis at height z = O(r). This is expected to hold for any logarithmically slowly varying

Stokeslet distribution along the axis, i.e. the leading-order streamfunction for such a

distribution F (z) is given by

Ψ(r, θ) ∼ F (r)

4πν
r2 Ψ0(θ) . (2.76)

We shall make use of this result in Chapters 3 and 4.



Chapter 3

Steady Axisymmetric Creeping

Plumes above a Planar Boundary

(Part II: A Distributed Source)

“One thing is sure. We have to do something. We

have to do the best we know how at the moment . . . ;

If it doesn’t turn out right, we can modify it as we go

along. ”— Franklin D. Roosevelt

Synopsis

Asymptotic solutions are obtained for an axisymmetric plume rising from

a localised heat source at the base of a half-space filled with very viscous

fluid. Specifically, we consider sources comprising a heated disc with ei-

ther rigid (no-slip) or free-slip (no tangential stress) conditions on the lower

boundary. The boundary layer which forms above the source is solved

using stretched coordinates, and then matched to a slender plume which

rises above it. At large Rayleigh numbers, the Nusselt number is given by

Nu ∼ 4.06Ra1/3(log Ra)−1/3 (free-slip boundary) and Nu ∼ 2.90Ra1/5 (rigid

boundary), where the Rayleigh number is based on the radius of the source.

Both these expressions have corrections arising from a slender-body expan-

sion in powers of (log Ra)−1.

A paper based on the work described in this chapter has been published in the Journal of

Fluid Mechanics (Whittaker & Lister, 2006b).

31
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3.1 Introduction

In Chapter 2, we derived an asymptotic solution for a slender plume in Stokes flow above

a horizontal boundary due to a point source of given buoyancy flux B. This was found

to depend only on B, the properties of the fluid, and the boundary condition on the

velocity at the boundary. Actual realisations of this flow will involve a buoyancy source

of finite size. If the source is fixed temperature, rather than fixed flux, then B will also

need to be determined by a solution in the neighbourhood of the source. In this chapter

we address the question of how to do this when the source is not point-like.

For a source of typical linear dimension R, held at constant temperature T0 + ∆T ,

with a far-field temperature T0, we define the Rayleigh and Nusselt numbers by

Ra =
gβ∆T R3

νκ
, Nu =

B

gβ∆T κR
, (3.1)

where g is the acceleration due to gravity, and β, κ, and ν are respectively the coefficients

of thermal expansion, thermal diffusivity, and kinematic viscosity of the fluid. Then Ra

and Nu are the usual dimensionless measures of the thermal forcing and the resulting

heat flux. We note that the length scale z0 = 4κ(2πν/B)1/2 introduced in Chapter 2,

can be expressed as

z0/R = C (RaNu)−1/2 , (3.2)

where C = (32π)1/2.

If Ra ≪ 1, then the solution to the heat equation on the length scale R of the source

is dominated by diffusion. Then Nu = O(1) and z0 ≫ R. The effects of advection

become comparable to those of diffusion on the length scale z0. This is the scale on

which the local Rayleigh number is O(1), and also where the plume radius a becomes

comparable to the rise height z. The point-source solution derived in Chapter 2 is valid

for z ≫ z0 (equivalently a ≪ z). In this situation, B is determined by diffusion on

the length scale R and the source appears point-like on the much larger scale z0 of the

plume base (cf. flow past a heated body at low Péclet number; Leal, 1992, pp. 456 ff).

If Ra ≫ 1, then we expect the solution close to the source (on the length scale R) to

involve boundary layers in which both advection and diffusion are important. Motivated

by experimental realisations (for example, Kaminski & Jaupart, 2003; Kerr & Mériaux,

2004), we consider the specific case of a source that is a heated disc of radius R set into

the horizontal lower boundary. We look for a solution that takes the form shown in

figure 3.1: radially inward flow in a boundary layer above the source (region I) feeds a

central plume (region III) through a small turn-round region (region II). We find that

B is determined by the competition between vertical diffusion and horizontal advection
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Figure 3.1: (a) An overview of the different regions of the flow, showing the horizontal

boundary layer I, the turn-round region II, the vertical plume III, and the outer flow

IV. The scale h0 of the turn-round region is much smaller than the radius R of the disc,

and matches the boundary-layer thickness h for s≪ z to the plume radius a for z ≪ R.

(b) A close up of the horizontal boundary layer, with horizontal coordinate x = R − s

centred on the outer edge.

in the boundary layer. Diffusion is negligible in the turn-round region owing to the

dominance of advection over the short time scale required to pass through the region.

In the plume, there is a balance between advection and horizontal diffusion, allowing it

to broaden slowly, but only over a height scale much greater than R.

This structure resembles part of the convection cell analysed by Umemura & Busse

(1989), though we note that in their problem the boundary-layer velocity is dominated

by the flow induced by the annular down-welling around the perimeter of the cell. In

the present problem there is no down-welling and the flow in the boundary layer is due

partly to entrainment by the rising plume, and partly to the direct action of buoyancy

on the sloping isopycnals in the boundary layer. We will show that above a free-slip

boundary the flow in the boundary layer is dominated by that generated by the rising

plume, whereas above a rigid boundary the flow is dominated by that due to the local

buoyancy forces. In both cases, we must solve an advection–diffusion problem for the

temperature field in the boundary layer in order to compute the buoyancy flux released

from the source. In particular, we are interested in finding the asymptotic relationship

between the Nusselt number and the Rayleigh number as Ra → ∞.

This problem is essentially the axisymmetric version of a two-dimensional planar

problem studied by Roberts (1977). However, as in Chapter 2, the change from pla-

nar to axisymmetric geometry introduces logarithmic behaviour in the inner–outer flow

matching, which both changes and complicates the solution. This is discussed further in
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§3.5.3. Olson, Schubert & Anderson (1993) provided an idealised model for the axisym-

metric free-slip case that we consider here. Our analysis avoids their approximations

and we obtain a more accurate solution. The simplifying assumptions made by Olson

et al. (1993) can be seen from our analysis to be reasonable, though not strictly true.

As a result, their approximate scaling Nu ∝ Ra1/3 compares favourably with the cor-

rect leading-order result Nu ∼ 4.06Ra1/3(log Ra)−1/3 that we derive for the free-slip

problem.1 We also derive the scaling Nu ∼ 2.90Ra1/5 for the case of a rigid boundary.

The lack of a logarithmic factor in the rigid case is a reflection of the fact that the

boundary-layer flow is not influenced by the plume at leading order.

3.1.1 Notation and governing equations

As in Chapter 2, the governing equations we consider are the Boussinesq Stokes equations

for incompressible flow, and the steady advection–diffusion equation for heat. We write

ν∇2u = ∇p− bẑ , (3.3)

∇·u = 0 , (3.4)

(u ·∇) b = κ∇2b , (3.5)

where b = gβ(T − T0) denotes the buoyancy distribution, and the remaining notation is

standard.

The boundary conditions are a quiescent far field with b → 0, a velocity condition

(either rigid or free-slip) on the lower boundary z = 0, and appropriate thermal condi-

tions on z = 0: b = gβ∆T for s < R, and bz = 0 for s > R. We generally use cylindrical

polar coordinates (s, φ, z), as shown in figure 3.1, and we consider only the axisymmetric

case, in which all variables are independent of φ.

3.2 Structure of the plume

3.2.1 Plume width and mass flux

The turn-round region (region II of figure 3.1a) is defined by the region in which hori-

zontal and vertical derivatives have the same order of magnitude, in other words where

the slope of the streamlines is roughly O(1). Once the heated fluid has risen out of the

turn-round region, the plume width a(z) satisfies a ≪ z and the plume is slender. As

1After seeing a conference presentation of our work Professor S. Morris kindly sent us an unpublished

manuscript from 1987, in which he also derived this leading-order result.
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in Chapter 2, vertical diffusion can be neglected, with O(a2/z2) corrections, and the

buoyancy flux

B = 2π

∫ ∞

0
wb s ds , (3.6)

is constant. Moreover, slenderness implies that the vertical velocity is uniform across

the plume at leading order with O([log(z/a)]−1) corrections. The Stokes streamfunction

therefore takes the form ψ ∼ 1
2s

2w0(z) at leading order. The horizontally integrated

buoyancy force is given by

F (z) = 2π

∫ ∞

0
bs ds ∼ B

w0(z)
. (3.7)

We use a ratio of two moments of the buoyancy distribution b(s, z) to define a

representative (thermal) width of the plume as

a2 =

∫ ∞

0
b s3 ds

∫ ∞

0
b s ds

. (3.8)

With this definition, the width of a Gaussian distribution b ∝ exp
[
−(s/a)2

]
(see Chap-

ter 2) is precisely a. We then define a representative mass flux in the plume by

Q(z) =

2

∫ ∞

0
b ψ dψ

∫ ∞

0
bdψ

, (3.9)

where the factor of 2 is introduced so that Q(z) = a2w0 in uniform flow. We define Q in

terms of ψ as this definition may also be applied to non-uniform flow. In particular, it

will be used later for matching the flow in the boundary layer to the base of the plume.

Since Q depends on the width of the buoyancy distribution, it increases along the

flow due to the diffusion of heat across streamlines. This effect is now quantified. Using

ψ as the horizontal coordinate and neglecting vertical diffusion, the heat equation (3.5)

may be rewritten as (
∂b

∂z

)

ψ

= 2κ
∂

∂ψ

(
ψ
∂b

∂ψ

)
. (3.10)

It follows from (3.10) that
d

dz

∫ ∞

0
bdψ = 0 , (3.11)

reflecting the constancy of B, and that

d

dz

∫ ∞

0
bψ dψ =

[
2κψ2bψ

]∞
0

− 2κ

∫ ∞

0
bψψ dψ = 2κ

∫ ∞

0
bdψ . (3.12)
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Hence dQ/dz = 4κ, and so

Q(z) = 4κ(z + z∗) (3.13)

for some constant z∗, which can be interpreted as the depth (below the plane) of a virtual

origin for the plume. (A point-source plume has z∗ = 0.) In the present problem, z∗ is

set by the mass flux entering from the turn-round region at the base of the plume. For

z ≪ z∗, we observe that Q(z) ∼ 4κz∗, so there is little diffusion across the streamlines

and the plume is advection dominated in this region.

After solving the appropriate boundary-layer problem, Q and B will be matched

through the turn-round region, which is sufficient to determine both the leading-order

behaviour of the plume and the leading-order flow that it induces in the outer fluid.

Complete matching of b(ψ) is discussed further in Appendix 3.A.

3.2.2 Slender-body theory for the vertical velocity

Since a≪ z, slender-body theory (Cox, 1970; Leal, 1992, pp. 247–251) may be used to

show that the leading-order vertical flow for s≪ z induced by the buoyancy force F (z)

is given by

w(s, z) =
F (z)

2πν

[
log
(z
s

)
+O(1)

]
, (3.14)

for both rigid and free-slip boundary conditions, as in Chapter 2. At s = O(a), this

must match the rise velocity of the plume, so w0(z) ∼ w(a, z). We then use (3.7) to

eliminate F , and obtain

w2
0(z) =

B

4πν

[
log

(
z2

a2

)
+O(1)

]
. (3.15)

The interior structure of the plume does not play a role at leading order.

Introducing ǫ = B/(2πνw2
0), and using a2 = Q/w0 and (3.13), we obtain

2

ǫ
+

1

2
log ǫ = logZ(z) , (3.16)

where

Z(z) =
z2

z0(z + z∗)
. (3.17)

Solving (3.16) for ǫ≪ 1, and substituting into (3.15) and (3.7), we deduce that

ǫ(z) ∼ 2

logZ(z)

(
1 − log logZ(z)

2 logZ(z)

)
, (3.18)

w0(z) ∼
(
B logZ(z)

4πν

)1/2 (
1 +

log logZ(z)

4 logZ(z)

)
, (3.19)

F (z) ∼
(

4πνB

logZ(z)

)1/2(
1 − log logZ(z)

4 logZ(z)

)
. (3.20)
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We note that if z ≫ z∗ then Z ∼ z/z0 and expressions (3.18)–(3.20) reduce to those for

the point-source plume studied in Chapter 2. If z ≪ z∗ then Z ∼ z2/(z0z
∗); the base of

the plume is where z ∼ a ∼ (z0z
∗)1/2 or, equivalently, Z = O(1).

Given the form of ǫ(z), it is possible to compute the entire outer velocity field at

leading order. The calculations are essentially the same as in Appendix 2.B, so we

omit the details here. The calculation verifies the slender-body result (3.14), and also

provides the plume-induced velocity field in the boundary layer above the source.

3.2.3 Scaling arguments for the ordering of the length scales

As seen in (3.13) and (3.17), the behaviour of the plume changes over a vertical scale

comparable with the depth z∗ of the virtual origin. It is therefore of interest to know

the size of z∗ relative to both the height h0 of the turn-round region (for the matching

there) and the size R of the source (for determining the flow induced in the boundary

layer).

We are considering Ra ≫ 1 here, and so expect that Nu ≫ 1. The boundary layer

above the source will therefore be thin compared to the size of the source, and so we

expect h0 ≪ R. Since the velocity in the boundary layer will be smaller than that in

the plume (due to the shallow slope of the isopycnals and to the closer proximity with

the boundary), the boundary layer will thicken more over a radial distance R than a

point-source plume of similar buoyancy would thicken over a height R. We therefore

anticipate that z∗ ≫ R, and hence also z∗ ≫ h0. Order-of-magnitude matching at the

base of the plume shows that both a and z are O(h0), and hence

h2
0 = O(z0z

∗) . (3.21)

In conclusion, we deduce that the various length scales are ordered as follows:

z0 ≪ h0 ≪ R≪ z∗ . (3.22)

In particular, we note that the matching between the plume and the turn-round region

takes place in the lower advection-dominated (z ≪ z∗) part of the plume, where Q(z) ∼
4κz∗ and Z(z) ∼ z2/(z0z

∗). These results will be verified by the complete solution.

3.3 Solution for a free-slip boundary

We now turn to the specific case of a free-slip boundary, and start with the assumption

(verified below in §3.3.4) that the flow in the boundary layer is dominated by that

induced by the plume. The solution strategy is then as follows.
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Referring to figure 3.1(a), the outer flow (region IV) is driven by the plume (III), and

in turn determines the leading-order velocity field in the boundary layer (I). Solution

of an advection–diffusion problem (with the prescribed velocity field due to the plume)

then gives the buoyancy field in the boundary layer. From this we can compute the

mass and buoyancy fluxes entering the turn-round region (II), and thence the base of

the plume. This closes the problem.

3.3.1 The plume-induced flow in the boundary layer

The plume solution of §3.2 allows us to compute the velocity field close to the horizontal

boundary in terms of the buoyancy fluxB and the depth z∗ of the virtual origin. This can

be accomplished either by direct asymptotic approximation of an integral representation

(see §2.4.1), or by evaluation of the full outer velocity field from F (z) (see Appendix 2.B).

Either way, we find that the leading-order velocity for z ≪ s near the free-slip boundary

is given by

u = −u(s) ŝ +
z

s

∂

∂s

(
s u(s)

)
ẑ , (3.23)

where the radial inflow is given by

u(s) ∼
(

B

4πν logZ(s)

)1/2(
1 − log logZ(s)

4 logZ(s)

)
, (3.24)

and the function Z(z) is as defined in (3.17). This represents an almost uniform radial

inflow, with a small vertical velocity to respect mass conservation.

Since h0 ≪ R for Ra ≫ 1, the plug flow (3.23) describes the leading-order velocity

in the thermal boundary layer up to the turn-round region, where s = O(h0) and the

velocity becomes more like a stagnation-point flow.

3.3.2 The buoyancy field in the boundary layer

To solve the heat equation in the boundary layer above the source, we adopt a horizontal

coordinate, x = R−s, centred on the outer edge of the heated region, as shown in figure

3.1(b). Using (3.23) and making the usual boundary-layer approximations, the heat

equation (3.5) becomes

u
∂b

∂x
− z

s

∂(su)

∂x

∂b

∂z
= κ

∂2b

∂z2
, (3.25)

where the radial inflow u is prescribed by (3.24). This is to be solved in x, z > 0, subject

to the boundary conditions

b = 0 at x = 0 , b = 0 as z → ∞ , b = gβ∆T on z = 0 . (3.26)
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In fact, as is well-known, it is possible to use a coordinate transformation to find a

similarity solution to (3.25)–(3.26) for an arbitrary inflow u(s). The buoyancy field is

written as a function of a scaled vertical coordinate ζ̃ = z/h(x) and, on making this

change of variables (3.25) can be written as

d2b

dζ̃2
+

1

2κs2u

d

dx

(
s2u2h2

)
ζ̃
db

dζ̃
= 0 . (3.27)

We then take

h(x) =
2

su

(
κ

∫ x

0
s2udx

)1/2

, (3.28)

to set the coefficient of the second term to 2. The resulting ODE is solved subject to

(3.26) to give

b(x, z) = gβ∆T erfc

(
z

h(x)

)
. (3.29)

We define the horizontal buoyancy flux

Bh(x) = 2πs

∫ ∞

0
u(s) b(x, z) dz , (3.30)

and define a representative horizontal mass flux Qh(x) using (3.9). Substituting from

(3.28) and (3.29), we re-express these integrals as

Bh(x) = 4gβ∆T

(
πκ

∫ x

0
s2udx

)1/2

, (3.31)

Qh(x) =

(
πκ

∫ x

0
s2udx

)1/2

. (3.32)

Using (3.28) and (3.32), we can also eliminate h(x) from (3.29) to give

b = gβ∆T erfc

( √
π ψ

2Qh(x)

)
, (3.33)

where ψ(s, z) = sz u(s) is the leading-order Stokes streamfunction.

Equations (3.28)–(3.33) allow us to compute the boundary-layer height, the buoyancy

distribution, and the fluxes from the imposed velocity field (3.24). Note that h(x)

diverges as x → R (equivalently s → 0) owing to the convergent stagnation-point flow

near the axis. When s = O(h) the boundary-layer approximation breaks down, and the

fluid enters the turn-round region.

Although h diverges as x → R, both Bh(x) and Qh(x) tend to finite limits, which

we denote B0 and Q0 respectively. As x → R, the buoyancy distribution b is thus

asymptotically a function only of the streamfunction ψ (see figure 3.2). This shows that

diffusive effects become negligible near the axis, and the flow is advection-dominated.
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Figure 3.2: Vertical profiles of the buoyancy distribution as the fluid leaves the hor-

izontal boundary layer and enters the turn-round region. Since the flow is advection-

dominated in the turn-round region, it is natural to base the independent variable on

the streamfunction. The scaling is chosen so that η corresponds to the radial coordinate

used in Appendix 3.A to describe the flow in the plume. As the fluid enters the turn-

round region, the vertical coordinate z is proportional to η2 in the free-slip case, and η

in the rigid case.

Corrections from diffusion in the small turn-round region make a negligible contribution

to the total mass and buoyancy fluxes from the source.

Substituting the plume-induced velocity (3.24) into (3.31) and (3.32), we find that

the dominant contribution to the integrals comes from s = O(R). We can therefore ap-

proximate logZ(s) by logZ(R) and make only an asymptotically small error. Evaluating

the integrals, we obtain

B0 ∼ κgβ∆TR

(
64πR2B

9κ2ν logZ(R)

)1/4(
1 − log logZ(R)

8 logZ(R)

)
, (3.34)

Q0 ∼ κR

(
πR2B

36κ2ν logZ(R)

)1/4(
1 − log logZ(R)

8 logZ(R)

)
. (3.35)

3.3.3 Matching the boundary layer to the plume

The boundary layer is matched to the base of the plume via the small turn-round region

near the central stagnation point. This region has a roughly O(1) aspect ratio, and so

a complete solution for the flow there is probably intractable analytically.
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Conveniently, since diffusion is negligible in the turn-round region, b = b(ψ) through-

out this region, and hence the function b(ψ) is known at the base of the plume from the

boundary layer solution of §3.3.2. Furthermore, the leading-order outer flow driven by

the plume depends only on B and z∗. These two quantities are expressible in terms of

integrals of b(ψ) corresponding to the buoyancy and mass fluxes respectively. Matching

through the turn-round region, we require B = B0 and z∗ = Q0/4κ, where B0 and Q0

are given by (3.34) and (3.35) respectively. We also note that Z(R) ∼ R2/(z0z
∗) from

the ordering of length scales (3.22).

Completing the matching, and rewriting the results in non-dimensional form, we

obtain

Nu ∼
(

64π

3

)1/3

Ra1/3 (log Ra)−1/3

(
1 − 2 log log Ra

3 log Ra

)
. (3.36)

The next correction to (3.36) is O((log Ra)−1) relative to the first term, with various

contributions coming from improving approximations made in the analysis.

The length scales associated with the plume are given at leading order by

z∗

R
∼ 1

4

(π
3

)1/3
Ra1/3 (log Ra)−1/3 , (3.37)

z0
R

∼
(
293π2

)1/6
Ra−2/3 (log Ra)1/6 . (3.38)

The size of the turn-round region scales like

h0

R
= O

(
Ra−1/6(log Ra)α

)
, (3.39)

where α depends on the precise definition used (e.g. O(1) aspect ratio, or O(1) slope of

streamlines), while the typical height of the boundary layer (away from the outer edge

and the divergence at the axis) scales as

h

R
= O

(
Ra−1/3(log Ra)1/3

)
∼ Nu−1 . (3.40)

Equations (3.37)–(3.39) confirm the ordering z0 ≪ h0 ≪ R ≪ z∗ suggested by the

scaling arguments in §3.2.3.
Finally, we note that knowledge of the detailed flow ψ(s, z) in the turn-round region

is not necessary to complete the matching, or to calculate the internal plume structure

at leading order. As shown in Appendix 3.A the leading-order internal structure can be

determined from b(ψ) at the plume base, which we know from (3.33).

3.3.4 Checking the velocity in the boundary layer

It remains to check that, within the horizontal boundary layer, the flow up due to the

plume does indeed dominate the flow û driven by the local buoyancy forces. From (3.24),
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the magnitude of the horizontal flow driven by the plume satisfies

up ∼
(
B

ν

)1/2

(log Ra)−1/2 ∼ κ

R

(
NuRa

log Ra

)1/2

. (3.41)

The typical slope of the isopycnals in the boundary layer is O(h/R), leading to a

horizontal pressure gradient of O(gβ∆Th/R). The locally driven flow is resisted by

a viscous drag (from shearing of the bulk fluid) estimated as O(νû/R) per unit area.

Balancing the driving force with the drag, we obtain

û ∼ κh2

R3
Ra ∼ κ

R

Ra

Nu2 . (3.42)

Combining these results, we find that

û

up
∼ Nu−5/2Ra1/2(log Ra)1/2 ∼ Ra−1/3(log Ra)1/3 ≪ 1 , (3.43)

which confirms the validity of our initial assumption.

3.4 Solution for a rigid boundary

Adapting the calculations of §3.3 to the case of a rigid boundary, we find that the flow

in the boundary layer driven by the local buoyancy forces has a greater magnitude than

that driven by the rising plume: as we shall see below, the buoyancy flux arising from the

locally driven flow scales as Ra1/5, whereas the flux that results from the plume-driven

flow scales as Ra1/5(log Ra)−1/5.

We therefore consider the horizontal boundary layer above the source in isolation,

and determine the flow field and buoyancy distribution therein by solving the coupled

heat and Stokes equations. From this calculation, we can find the leading-order buoy-

ancy flux from the source, and hence the desired asymptotic relationship Nu(Ra). The

properties of the plume can subsequently be found by matching the mass and buoyancy

fluxes as in §3.3.3. However, for the rigid boundary condition, there is no feedback from

the plume to the boundary layer at leading order.

3.4.1 The thermal boundary layer

Our solution for the horizontal boundary layer builds upon aspects of a number of

previous studies of flow over a heated surface that use the boundary-layer approximation

(with inertia) of the Navier–Stokes equations. These studies depend on the Prandtl

number Pr = ν/κ, and our Stokes-flow problem corresponds to the limit Pr = ∞.

In a two-dimensional planar geometry, there is a self-similar solution for a thermal

boundary layer above a semi-infinite horizontal plate held at a fixed temperature above
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that of the ambient fluid (Stewartson, 1958; Gill, Weh & del Casal, 1965). The boundary-

layer thickness and horizontal velocity increase as x2/5 and x1/5 respectively, where x is

the horizontal distance from the leading edge (see figure 3.1b). Rotem & Claassen (1969)

considered the asymptotic form of this similarity solution for Pr ≫ 1. The boundary

layer is shown to split into two, and inertia is retained only in the outer layer.

In an axisymmetric geometry, the extra length scale (distance from the axis) rules

out a similarity solution. For Pr = 1, perturbation expansions and numerical integration

have been considered by Zakerullah & Ackroyd (1979) and Merkin (1983) respectively.

For the case of infinite Prandtl number considered here, there is a thin thermal

boundary layer (similar to the inner layer of Rotem & Claassen, 1969), which drives an

outer Stokes flow with a vertical length scale R. This outer flow is purely passive, and

just responds to the velocity of the thermal boundary layer below it. Since the vertical

scale of the outer flow is much greater than the depth of the boundary layer (as we shall

see, by a factor of Ra1/5), the appropriate boundary condition at the upper edge of the

thermal boundary layer is that the shear stress vanishes, i.e. ∂u/∂z → 0.

Introducing the Stokes streamfunction ψ, and employing the usual boundary-layer

approximations, we write (3.3)–(3.5) as

ν

R− x

∂4ψ

∂z4
=
∂b

∂x
, (3.44)

1

R− x

(
∂ψ

∂z

∂b

∂x
− ∂ψ

∂x

∂b

∂z

)
= κ

∂2b

∂z2
. (3.45)

These equations are to be solved subject to

ψ(x, 0) =
∂ψ

∂z
(x, 0) = 0 , b(x, 0) = gβ∆T ;

∂2ψ

∂z2
(x,∞) = b(x,∞) = 0 . (3.46)

In order to capture the singularity at the leading edge (x = 0), we introduce dimension-

less variables

ξ̄ =
x

R
, ζ̄ =

z

R

( x
R

)−2/5
Ra−1/5 , (3.47)

and adopt the scalings of the two-dimensional similarity solution

ψ = κRRa1/5 ξ̄3/5 f̄(ξ̄, ζ̄) , (3.48)

b = gβ∆T ḡ(ξ̄, ζ̄) . (3.49)

(In the similarity solution, f̄ and ḡ are functions only of ζ̄.) Equations (3.44)–(3.46)

then become

∂4f̄

∂ζ̄4
+ (1 − ξ̄)

(
2

5
ζ̄
∂ ḡ

∂ζ̄
− ξ̄

∂ ḡ

∂ξ̄

)
= 0 , (3.50)

(1 − ξ̄)
∂2ḡ

∂ζ̄2
+

3

5
f̄
∂ ḡ

∂ζ̄
− ξ̄

(
∂f̄

∂ζ̄

∂ḡ

∂ξ̄
− ∂f̄

∂ξ̄

∂ḡ

∂ζ̄

)
= 0 , (3.51)
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Figure 3.3: Numerical solution to (3.50)–(3.52) for the locally driven thermal boundary

layer above an isothermal heated disc with a rigid boundary condition. The streamlines

and isotherms are displayed at equally spaced intervals of 0.15 and 0.1 respectively.

subject to

f̄(ξ̄, 0) =
∂f̄

∂ζ̄
(ξ̄, 0) = 0 , ḡ(ξ̄, 0) = 1 ;

∂2f̄

∂ζ̄2
(ξ̄,∞) = ḡ(ξ̄,∞) = 0 . (3.52)

As ξ̄ → 0, f̄ and ḡ can be expanded as series in ξ̄, thus

f̄(ξ̄, ζ̄) = f̄0(ζ̄) + ξ̄ f̄1(ζ̄) +O(ξ̄2) , (3.53)

ḡ(ξ̄, ζ̄) = ḡ0(ζ̄) + ξ̄ ḡ1(ζ̄) +O(ξ̄2) . (3.54)

The functions f̄0 and ḡ0 are simply given by the two-dimensional similarity solution of

Stewartson (1958) and Gill et al. (1965), as might be expected for an expansion about

the leading edge. The higher-order terms can be calculated as regular perturbations.

3.4.2 Numerical solution for the boundary layer

In the absence of an analytic solution, the system (3.50)–(3.52) is solved numerically.

The integration is accomplished by marching forwards in ξ̄, starting from the profiles

(3.53) and (3.54) at ξ̄ = 0. At each step in ξ̄, an under-relaxed iterative technique is

employed: finite-difference approximations to (3.51) and (3.50) are used to update ḡ

and f̄ in turn, and this process is repeated until convergence is achieved for that step.

Results from the numerical calculations are shown in figure 3.3. The behaviour

near ξ̄ = 0 matches the formal series expansion (3.53) and (3.54), while the behaviour
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near ξ̄ = 1 is consistent with an asymptotic prediction that the streamfunction and

buoyancy distribution should both tend towards functions of ζ̄
[
log(1 − ξ̄)

]−1/4
. (The

latter shows the breakdown of the boundary-layer approximations as the turn-round

region is approached.) The final temperature profile as ξ̄ → 1 (i.e. as the fluid enters

the turn-round region) is shown in figure 3.2 (dashed line).

The total heat flux from the source is computed by integrating the temperature

gradient over the lower boundary:

B0 = −2πκ

∫ R

0

∂b

∂z

∣∣∣∣
z=0

s ds . (3.55)

Rewriting this expression in terms of the variables (3.47)–(3.49), we obtain

Nu ∼ 2πRa1/5

∫ 1

0

(
−∂ḡ
∂ζ̄

(ξ̄, 0)

)
(1 − ξ̄)

ξ̄2/5
dξ̄ . (3.56)

(For numerical ease, the ξ̄−2/5 singularity at the leading edge, which is identical to that

in the two-dimensional case, is subtracted out and computed analytically.) From the

numerical evaluation of (3.56), we obtain

Nu ∼ 2.90Ra1/5 . (3.57)

Similarly, using the definition (3.9), we compute the representative mass flux Q0 from

the limit as ξ̄ → 1, to obtain

Q0 ∼ 0.956κRRa1/5 . (3.58)

Finally, we note that the size of the turn-round region near the axis is given by

h0

R
= O

(
Ra−1/5(log Ra)α

)
, (3.59)

where, as in (3.39) for the free-slip case, the exponent α depends on the precise definition

used for the turn-round region.

The results (3.57) and (3.58) are the leading-order asymptotic terms as Ra → ∞
from the boundary-layer solution. There are algebraically small corrections in Ra from

the outer edge (ξ̄ ≈ 0) and central region (ξ̄ ≈ 1) of the boundary layer, where the

boundary-layer approximations break down, and also logarithmically small corrections

from the additional flow driven by the rising plume.

3.4.3 Matching the boundary layer to the plume

The properties of the plume are determined by matching the buoyancy and mass fluxes

through the turn-round region, as in §3.3.3. The fluxes from the boundary-layer are
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given by (3.57) and (3.58). The buoyancy flux B in the plume is simply the flux B0

emitted by the source, and the Nusselt number is given by (3.57). Matching (3.58) with

Q(0) = 4κz∗, we find that
z∗

R
∼ 0.239Ra1/5 , (3.60)

and, using the definition (3.2) of z0, we obtain

z0
R

∼ 5.89Ra−3/5 . (3.61)

We note that the scalings (3.59)–(3.61) are again consistent with the ordering of length

scales anticipated in §3.2.3.
Finally, we check the consistency of neglecting the effects of the plume on the bound-

ary layer and vice versa. Away from the plume and the lower boundary, the outer flow up

driven by the plume scales like (B/ν)1/2 [logZ(r)]−1/2 (see equations (2.76) and (2.73),

together with (3.20)). However, the effect of the no-slip boundary condition is to reduce

the velocity scale by a factor of z/s for z ≪ s. Therefore, within the boundary layer,

the typical vertical shear in the radial flow driven by the plume scales like

γp ∼
κ

R2

(
NuRa

log Ra

)1/2

. (3.62)

Balancing the viscous shear with the pressure gradient, we find (consistent with the

scalings of §3.4.1) that the locally driven shear in the boundary layer scales as

γ̄ ∼ κh2

R4
Ra ∼ κ

R2

Ra

Nu2 . (3.63)

We combine these results to obtain

γ̄

γp
∼ Nu−5/2Ra1/2(log Ra)1/2 ∼ (log Ra)1/2 ≫ 1 , (3.64)

showing that it is indeed appropriate to neglect the effects of the plume when considering

the boundary layer at leading order.

Since h/R ∼ Nu−1 is algebraically small in Ra , it can also be seen that, sufficiently

far outside the boundary layer, the plume-driven flow up dominates the flow ū ∼ γ̄h

induced by the drag of the boundary layer. It is therefore appropriate to ignore the

effects of the boundary-layer flow when employing the plume model of §3.2.

3.5 Discussion and concluding remarks

3.5.1 Summary

In this chapter we have presented analysis of the asymptotic structure of the axisym-

metric plume above a circular heated region in a planar horizontal boundary at large
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Rayleigh number, for the cases of both a free-slip and a rigid boundary. The main

results are (3.36) and (3.57) which give the relationship Nu(Ra) as Ra → ∞. In both

cases there are logarithmic corrections (see figure 3.4). The heat flux in the plume is

determined by the heat transferred into the radially inflowing horizontal boundary layer

above the source. The nature of this boundary layer differs between the two boundary

conditions: with a free-slip boundary, the flow in the layer is dominated by that driven

by the rising plume; with a rigid boundary, the flow is dominated by that driven by the

buoyancy in the layer itself.

Comparing (3.41)–(3.43) for free-slip case with (3.62)–(3.64) for the rigid case, we see

that the difference in driving mechanism is associated with the different dependence of

Nu(Ra). The rigid boundary condition reduces both the plume-driven and locally driven

velocities by a factor of h/R. However, the slower velocities with the rigid condition

lead to a thicker boundary layer and a correspondingly smaller Nusselt number. This

makes the plume-induced velocity smaller, and the locally driven velocity larger. This

effect is sufficient to change the dominant velocity in the boundary layer between the

two boundary conditions.

The structure of the plume solutions presented here can be contrasted with previous

work in a number of ways, which we group under two headings. Finally, we discuss the

applicability of this work to experiments and plumes in the Earth’s mantle.

3.5.2 Plume structure above point and distributed sources

For a point-source plume (studied in Chapter 2) there is a single vertical length scale

z0. In z . z0 there is a local diffusion-dominated solution in the neighbourhood of the

source; in z ≫ z0 there is a slender plume in which nearly vertical advection balances

radial diffusion.

For a distributed source there are several distinct regions to the plume, distinguish-

able by the vertical length scales h0 = (z0z
∗)1/2 and z∗. The turn-round region occupies

z . h0, where we cannot say much about the velocity field, though we do know the func-

tion b(ψ). As z increases above h0, the effective aspect ratio ǫ(z) of the plume becomes

small, and the leading-order vertical velocity is then horizontally uniform. Conserva-

tion of buoyancy flux then enables us to compute the leading-order outer flow without

requiring knowledge of the internal buoyancy distribution.

For h0 ≪ z ≪ z∗, the plume is much wider at a given height than a plume of

equal buoyancy flux from a point source would be. As a result, advection dominates

diffusion, and the temperature distribution follows the streamlines at leading order.

Over this range of heights, the plume radius and the centre-line temperature remain
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Figure 3.4: The variation of Nu with Ra for free-slip and rigid boundary conditions.

The leading-order asymptotic expressions (3.36) and (3.57) are shown by the solid lines.

An impression of the magnitude of the logarithmic correction terms is provided by

omitting the log(log Ra) term from the free-slip result (3.36) (dashed line), and by

numerical solution of the boundary-layer equation (3.45) for the rigid case with the

plume-induced velocity added to the locally driven flow (circles). The differences from

(3.36) and (3.57) are about 13% and 10% respectively at Ra = 106.

approximately constant, with logarithmically small variations in the radius owing to

the variation of the rise velocity. The small corrections due to diffusion are analysed in

Appendix 3.A where it is also shown how to calculate the first-order correction to the

rise velocity.

When z = O(z∗), the plume radius is comparable to that of the corresponding

point-source solution, and diffusive effects start to become significant. For z & z∗,

the eigenmode description in Appendix 2.A is again appropriate, and radial diffusion

balances vertical advection. For z ≫ z∗, the zeroth eigenmode dominates so that the

temperature profile is Gaussian, and the plume is then well described by the point-source

solution. We note that z∗ ≫ R, where R is the length scale of the source.

3.5.3 Comparison with a planar plume and an axisymmetric convec-

tion cell

Table 3.1 provides a comparison of key scalings from the present study of an axisymmet-

ric unbounded plume with the corresponding scalings for the analogous two-dimensional
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Two-dimensional

Planar Plume

Axisymmetric

Plume

Axisymmetric

Convection Cell

(Roberts, 1977) (present work) (Umemura & Busse, 1989)

Nuf-slip 1.42Ra1/3 4.06

(
Ra

log Ra

)1/3

f(λ)Ra1/3

Nurigid cRa1/5 2.90Ra1/5 —
w0R

κ

(
R1

z

R

)1/2
[R1log(z/a)]1/2 [R1log(z/a)]1/2

z∗

R
NuRa−1/3 Nu n/a

a

R
[z ≪ z∗]

(
1

R2

R

z

)1/2 1

[R2 log(R2z4/R4)]1/4
1

(R2 log R2)
1/4

a

R
[z ≫ z∗]

(
1

R1

z

R

)1/4 (z/R)1/2

[R1 log(R1z2/R2)]1/4
n/a

Table 3.1: Comparison of key leading-order scalings with those from related work,

where R1 = RaNu and R2 = Ra/Nu. In the Nusselt-number scalings for free-slip and

rigid conditions, the function f(λ) describes the dependence on the cell’s aspect ratio

λ, and the constant c ≈ 1.993 was given incorrectly by Roberts (1977) as 1.948, owing

to the neglect of the locally driven boundary-layer flow. The rise velocity w0, height z∗

at which diffusion becomes important in the plume, and plume radius a depend only

on the free-slip and rigid boundary conditions via the buoyancy flux as expressed in the

Nusselt number. Note that many of the results shown have logarithmic correction terms

which may not be much smaller for realistic parameter values; see, for example, (3.36)

and figure 3.4.

plume (Roberts, 1977) and for the central plume of an axisymmetric convection cell with

free-slip boundary conditions (Umemura & Busse, 1989). Various similarities and dif-

ferences are worth noting.

The most striking difference between the problems is in the z-dependence of the

rise velocity w0, which increases like z1/2 in a planar geometry and logarithmically in

an axisymmetric geometry. This can be attributed to the different responses of the

outer Stokes flow to vertical sheet and line forces respectively: in a planar geometry the

vertical sheet force B/w0 (per unit width in the third dimension) due to the plume’s

buoyancy is supported by shear stresses proportional to w0/z in the outer flow on either

side; in an axisymmetric geometry the vertical line force B/w0 is supported by shear

stresses proportional to w0/s acting over a circular contour of length 2πs. The factor

(RaNu)1/2 reflects the dependence w0 ∝ B1/2 in each case. The logarithmic divergence
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of the axisymmetric outer flow as s→ 0 introduces an additional weak dependence and

coupling to the plume width a that is absent on the simple planar problem.

The difference between the planar and axisymmetric results for the z-dependence of

the plume width a in both the advection-dominated (z ≪ z∗) and diffusive (z ≫ z∗)

regions is a direct consequence of the different variation of the rise velocity together with

conservation of buoyancy flux.

We observe that the rise velocity of an unbounded axisymmetric plume scales the

same way as that of the central plume in an axisymmetric convection cell since both

reflect the response to a buoyant line force. This produces a corresponding similarity

between the plume width in the lower advection-dominated region (z ≪ z∗) of the un-

bounded plume and that in the convection cell. The additional logarithmic dependence

on z4/R4 for the plume reflects the need to consider heights z/R ≤ z∗/R ∼ Nu ≫ 1;

the convection cell is considered to have a height comparable to R, so that z/R = O(1)

and there is no space to observe significant dependence on z.

The Nusselt number scalings in the three problems involve the same algebraic powers

of the Rayleigh number (1
3 or 1

5 , depending on the boundary condition). This similarity

masks differences in the way the flow in the horizontal boundary layer is driven (which

determines the heat transfer) and is thus perhaps a little more surprising than it first

appears. The boundary-layer flow for planar and axisymmetric plumes above a free-slip

boundary is dominated in both cases by the flow induced by the plume; the logarithmic

factor for the axisymmetric plume reflects the fact that the outer flow is logarithmically

smaller than the plume velocity in a cylindrical geometry. The absence of this factor

for the axisymmetric convection cell despite the cylindrical geometry is because the

boundary-layer flow is then driven by the encircling sheet-like descending plume, which

has an essentially two-dimensional character, instead of by the rising central plume.

The absence of a logarithmic factor for an axisymmetric plume above a rigid boundary,

reflects the fact that the boundary-layer flow is driven locally in this case instead of by

the plume.

Roberts (1977) assumed that the boundary-layer flow for a planar plume above

a rigid boundary is dominated by the plume. In fact, the flow driven by the local

buoyancy and that induced by the plume have the same order of magnitude and must

therefore be considered together. We solved this coupled problem by modifying the

method of §3.4 to include a guessed plume-driven velocity component, and iterating to

find consistency between the guessed plume flux B and the calculated boundary-layer

flux B0. Numerically, we find that c = 1.993, instead of the previously reported value

of 1.948. The additional locally-driven flow has a surprisingly small effect on the overall

rate of heat transfer.
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3.5.4 Inertia and boundaries in the Earth’s mantle and experiments

There is an analogous condition to that given in §2.6.3 for inertial effects to play a role

in the far field. If inertia does not re-enter until r ≫ R, then this requires

Pr ≫ (RaNu)1/2 [log(Ra/Nu)]−1/2 . (3.65)

In the Earth’s mantle, with Prandtl numbers of order 1020 or more, and Rayleigh num-

bers at most O(108), this condition is certainly satisfied. Indeed, the finite vertical

extent of the mantle will have a far greater effect on the flow than finite inertia.

For experiments intended to verify the asymptotic predictions, the condition (3.65)

presents more of an issue. Ensuring that inertial effects are negligible at sufficiently large

Rayleigh numbers for the leading-order asymptotic results to be reasonable approxima-

tions (or to be comparable with conditions in the mantle) restricts the choice of working

fluids considerably. Nevertheless, it is the finite size of the experimental tank that is

likely to be the most challenging constraint. Since the velocity outside the plume decays

only logarithmically, any side boundaries are likely to have an effect on the solution

proportional to an inverse logarithm of their distance from the plume. Experiments in

confined regions might be better compared with theoretical analyses of convection cells,

such as an adaptation of Umemura & Busse (1989) to use rigid boundary conditions.

Appendicies

3.A Expansion for the internal plume structure

To examine the internal structure of the plume, we employ a similar transformation to

that in §2.3, but use the fixed length z∗ to replace some of the occurrences of the height

z. Thus we write

η = s

(
w0(z)

4κz∗

)1/2

, ζ =
z

z∗
, (3.66)

ψ = 4κz∗ f(η, ζ) , b =
B

2π

g(η, ζ)

4κz∗
. (3.67)

The governing equations (3.3) and (3.5), and the buoyancy-conservation equation (3.6)

become
(

1

η

∂

∂η
η
∂

∂η

)
1

η

∂f

∂η
= −ǫg , (3.68)

1

η

(
∂f

∂η

∂g

∂ζ
− ∂f

∂ζ

∂g

∂η

)
=

1

η

∂

∂η

(
η
∂g

∂η

)
, (3.69)

∫ ∞

0

∂f

∂η
g dη = 1 , (3.70)
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where ǫ = B/(2πνw2
0) ≪ 1 as before. The boundary conditions are that w and b are

regular at η = 0, that b → 0 as η → ∞, that w = w0(z) at leading order, and that b

and w match the initial profiles prescribed by the flow out of the turn-round region. For

z ≫ h0, we apply these initial profiles at z = 0. It is then natural to pose a solution of

the form

f(η, ζ) = f0(η, ζ) + ǫf1(η, ζ) + . . . , (3.71)

g(η, ζ) = g0(η, ζ) + ǫg1(η, ζ) + . . . . (3.72)

3.A.1 Leading-order solution

The leading-order component of (3.68) is

(
1

η

∂

∂η
η
∂

∂η

)
1

η

∂f0

∂η
= 0 . (3.73)

which has solution

f0(η, ζ) = 1
2η

2 , (3.74)

where the normalisation is chosen so that the corresponding vertical velocity is precisely

w0(z). The leading-order component of (3.70) becomes

∫ ∞

0
g0 η dη = 1 , (3.75)

which provides a normalisation for the buoyancy distribution.

At leading order, the heat equation (3.69) is simply

∂g0
∂ζ

=
1

4η

∂

∂η

(
η
∂g0
∂η

)
, (3.76)

reflecting lateral diffusion and advection by the leading-order uniform flow. Identifying

ζ with a time-like variable, (3.76) is just the two-dimensional axisymmetric diffusion

equation with a diffusion coefficient of 1
4 .

Given the initial temperature profile at the base of the plume, we can solve (3.76)

using the Green’s function for an initial circular ring of heat (see, for example, Carslaw

& Jaeger, 1959, §10.3). We obtain

g0(η, ζ) =
2

ζ

∫ ∞

0
exp

(
−η

2 + η′2

ζ

)
I0

(
2ηη′

ζ

)
G0(η

′) η′ dη′ , (3.77)

where the initial dimensionless temperature profile G0(η) = g0(η, 0) is given by

G0(η) =
2π 4κz∗

B
b(2κz∗η2) =

b(2κz∗η2)∫∞
0 b(2κz∗η2) η dη

(3.78)
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and b(ψ) describes the buoyancy distribution through the turn-round region (see fig-

ure 3.2). Using (3.77), we can confirm that the asymptotic series of Appendix 2.A also

describes the relaxation towards a Gaussian above a distributed source for z ≫ z∗. We

can also use (3.77) to verify equation (3.13) for Q(z).

3.A.2 First-order corrections

The first-order correction to the Stokes equation is given by

(
1

η

∂

∂η
η
∂

∂η

)
1

η

∂f1

∂η
= −g0 . (3.79)

The solution may be written as

1

η

∂f1

∂η
= Ā(ζ) −

∫ η

1

1

η

(∫ η

0
g0η dη

)
dη , (3.80)

where the function Ā(ζ) is determined by matching with the outer flow (at a higher

order than simple slender-body theory). For η ≫ 1 we obtain the behaviour

w

w0
∼ 1 − ǫ log η − ǫ

[
Ā+

∫ ∞

1

1

η

(∫ ∞

η
g0η dη

)
dη

]
. (3.81)

This is the outer limit of the inner vertical velocity, which must be matched with the

inner limit of the outer flow. It is easily seen that the first two terms in (3.81) do indeed

match the slender-body estimate (3.14) for the outer velocity and, as for a point source,

these leading-order terms are independent of the detailed buoyancy distribution within

the plume.

The first correction to the slender-body theory (see §2.4.3) yields the following result

for the inner limit of the outer velocity:

w

w0
∼ F (z)

2πνw0(z)

(
− log

(s
z

)
+ (log 2 − δ) + . . .

)
, (3.82)

where δ = 1
2 for a free-slip boundary and 1 for a rigid boundary.

To complete the matching at O(ǫ), and hence determine Ā, it is necessary to know

the O(ǫ) correction to F (z). From equation (2.35), this correction may be expressed

in terms of an integral of g0 f
′
1, where f ′1 is given by (3.80) and g0 is given by (3.77).

Given the initial profile G0 from the boundary-layer solution, it is therefore possible to

evaluate, at least numerically, the O(ǫ) correction to the vertical velocity in the plume.



Chapter 4

On Modelling Steady Sheared

Plumes in Viscous Fluid

“The purpose of models is not to fit the data but to

sharpen the questions. ”— Samuel Karlin

Synopsis

We introduce a simple model based on slender-body theory to describe

the deflection of a steady plume by a shear flow in very viscous fluid. The

key dimensionless parameters measuring the strength of the shear and the

effects of diffusion are identified, which allows a number of different dynam-

ical regimes to be distinguished. The predictions of the model show good

agreement with many, but not all, observations from previous experimental

studies. Possible reasons for the discrepancies are discussed.

54
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4.1 Introduction

Plumes arise from continuous releases of buoyancy, possibly combined with a source of

mass. As distinct from general convective overturning in equant convection cells, plumes

are considered to form isolated and slender thermal structures carrying buoyant fluid

under the influence of gravity. Other motion in the surrounding fluid, which could either

be mechanically applied or due to other scales of convection, affects the trajectory of a

plume, causing it to be deflected or sheared from its natural vertical path.

Sheared plumes in very viscous fluid have a particular relevance to mantle convection.

Persistent plumes originating within the mantle are thought to underlie hotspot tracks

such as the Hawaiian–Emperor sea-mount chain. Wilson (1965a) and Morgan (1971,

1972) comment on the variation in age of the volcanic rocks along the length of the tracks,

which correlates roughly with the history of movement of the plates. Careful global

analysis shows that the sources of such chains are in a fixed frame or at least moving

much more slowly with respect to each other than the observed plate motions (Molnar &

Atwater, 1973; Molnar & Stock, 1987). This supports the idea of a deep mantle source,

such as the core–mantle boundary, with the possibility of long-lived narrow plumes

penetrating the larger-length-scale convective overturning that corresponds to the plate

motions.

Many authors have studied mantle plumes (e.g. Loper & Stacey, 1983), how they

might originate (e.g. Stacey & Loper, 1983), and how they might account for the anoma-

lies observed at the Earth’s surface (e.g. Steinberger & O’Connell, 1998). Observations

of particular hotspots have recently been reported by Steinberger (2000), and a review

of fluid-mechanical models is provided by Whitehead (1988).

Plumes that rise through convection rolls in a quasi-steady manner will undoubtedly

be deflected by the motion of the surrounding fluid. Sheared plumes have been studied

experimentally, both with and without significant diffusion of buoyancy (Richards &

Griffiths, 1988, 1989; Griffiths & Campbell, 1990). In each case simple models were

put forward to explain the observed behaviour and plume deflection. More recently,

extensive diffusive experiments have been reported by Kerr & Mériaux (2004).

The effects of shearing may also cause strongly tilted plumes to become unstable

and break up into discrete blobs or diapirs. Experiments and theory on such breakup

have been reported by Skilbeck & Whitehead (1978) and Whitehead (1982), though

it is questioned whether such breakup can account directly for the intermittent nature

of hotspot tracks. The instability of a buoyant horizontal cylinder has been analysed

theoretically by Lister & Kerr (1989), and linked to spatially episodic volcanism (Kerr &

Lister, 1988). However, a steady plume can be established without instability, provided
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Figure 4.1: Definition sketch showing the coordinates and variables used to describe

a sheared plume.

the shear is sufficiently weak and the plume not deflected too far from the vertical.

Previous models of sheared plumes are somewhat unsatisfactory from a theoretical

point of view, since they include free parameters that can be chosen to fit the data.

Skilbeck & Whitehead (1978) applied slender-body theory to the plume, but assigned a

constant value of a/ℓ = 0.1 for the aspect ratio, rather than considering the correct exter-

nal length-scale to use. Richards & Griffiths (1988) proposed that the plume trajectory

can be determined by adding a uniform vertical rise velocity to the horizontal advection

by the background shear; the rise velocity is scaled like a rising sphere in Stokes flow,

with an arbitrary factor k to account for the different geometry. This model predicts

parabolic trajectories for the case of uniform shear and, after fitting the parameter k,

yields remarkably good agreement with experiments.

In this chapter we develop a model for steady sheared plumes that has no free

parameters and has a more rigorous theoretical grounding than those proposed before.

The problem is formalised in §4.2, and a model based on slender-body theory is developed

in §4.3, during which key dimensionless parameters are identified. The various possible

dynamical regimes given by these parameters are discussed in §4.4. We compare the

model’s predictions with the results of previous experiments in §4.5, and provide some

concluding remarks in §4.6.
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4.2 Problem description and governing equations

We consider a buoyant plume rising steadily through a fluid of kinematic viscosity ν

which is subject to an externally imposed horizontal shear flow γzx̂.1 The additional

velocity induced by the buoyancy in the plume is denoted by u, the corresponding

pressure perturbation by p, and the acceleration due to gravity by −gẑ. We assume

that there is a rigid horizontal lower boundary at z = 0, that the fluid is unbounded

horizontally, and that it is either unbounded vertically or capped by a second horizontal

boundary at z = H (translating with velocity γHx̂).

For the case of thermal buoyancy, we introduce a thermal diffusivity κ, background

temperature T0, and linear thermal-expansion coefficient β. We then define the buoyancy

field as b = gβ(T − T0). We assume that inertia and any temperature dependence of

the viscosity are both negligible. Applying the Boussinesq approximation, the governing

equations are

ν∇2u = ∇p− bẑ , (4.1)

∇·u = 0 , (4.2)

(u + γzx̂) ·∇b = κ∇2b . (4.3)

The boundary conditions are that u, p and b decay in the far field, and that u = 0

on the rigid boundaries. There are also some boundary conditions associated with the

source at the base of the plume. Since the model we develop here concerns only cross-

sectionally averaged quantities, we shall require knowledge only of the initial mass flux

Q0 and buoyancy flux B emitted by the source. It can be shown from (4.2) and (4.3)

that B is conserved along the length of a steady plume.

The same equations and boundary conditions also apply to the case of compositional

buoyancy, with κ defined as the appropriate diffusivity (possibly zero) and an analogous

definition of b.

As shown in figure 4.1, we define an axial coordinate s to measure the distance

along the plume from its base, and local polar coordinates (r, φ) to describe the plane

locally perpendicular to the plume axis (with φ = 0 corresponding to the positive x

direction). The axial and transverse components of u in the x–z plane are labelled w

and u respectively; the third velocity component (in the ŷ direction) is labelled v, but

is less important here.

1The external flow does not have to be uniform shear, and the model developed in this chapter

would work equally well with any other specified flow. However, uniform shear is convenient to realise

experimentally, and is used here for definiteness and simplicity.
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4.3 Theoretical Model

We develop a leading-order model for the behaviour of a slender plume, which does

not involve the detailed buoyancy distribution or velocity profiles inside the plume. We

describe the plume at each point along its axis by the inclination θ from the vertical,

the buoyancy per unit length

F =

∫∫
b r dr dφ , (4.4)

and a characteristic width a, defined by

a2 =
1

F

∫∫
b r3 dr dφ . (4.5)

We also define buoyancy-weighted average velocities

w =
1

F

∫∫
wb r dr dφ , (4.6)

u =
1

F

∫∫
ub r dr dφ . (4.7)

(The corresponding mean velocity v̄ perpendicular to the plane of the shear is zero by

symmetry and does appear in the model.)

The model consists of equations that relate θ, F , a, u and w, and determine how

they evolve along the length of the plume.

4.3.1 Buoyancy fluxes and angle of inclination

The diffusion of buoyancy in the axial direction is negligible compared to advection

because the plume is assumed to be slender. The diffusion of buoyancy in the transverse

direction may be significant, but has zero cross-sectional average. It follows that the

total buoyancy flux B per unit length of the plume is dominated by the advective

contribution. Hence

B =

∫∫
(u + γzx̂) b r dr dφ = (u + γzx̂)F . (4.8)

In a steady state, the magnitude of the buoyancy flux is B (the flux emitted by the

source), and its direction defines the angle of inclination θ at each point along the

plume. Taking axial and transverse components of (4.8), we obtain

F =
B

w + γz sin θ
, (4.9)

u = γz cos θ . (4.10)
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4.3.2 Slender-body theory

The velocity field induced by the buoyancy in the plume is described by slender-body

theory (see Hinch, 1991, §5.4). Using standard results, we find that

w ∼ F cos θ

2πν

{
− log

(r
ℓ

)
+ C1

}
, (4.11)

u ∼ F sin θ

4πν

{
− log

(r
ℓ

)
+
(
cos2 φ− 1

2

)
+ C2

}
(4.12)

for a ≪ r ≪ ℓ, where F and a are the local buoyancy force and plume width defined

above, and ℓ is an appropriate outer length scale. For a slender plume, the velocity is

dominated by the logarithmic term. The O(1) corrections Ci depend on the positions

of the external boundaries, the complete trajectory of the plume, and the distribution

of F along the plume, but are independent of the internal buoyancy distribution within

the plume (which appears only at O(a2/r2)). To keep the model local, we need approx-

imations for ℓ, C1 and C2 that do not require information about the rest of the plume

and its trajectory. As discussed in Appendix 4.A, appropriate approximations are

ℓ =





z : no upper boundary,

z
(
1 − z

H

)
: upper boundary at z = H.

(4.13)

and

C1 = log 2 − 1 + 1
2 sin2 θ , (4.14)

C2 = log 2 − 2 + sin2 θ . (4.15)

Considering the inner limit of the outer flow, it is now natural to write the mean

velocities (4.6) and (4.7) in the form

w =
F cos θ

2πν

{
log

(
ℓ

a

)
+ C1 + c1

}
, (4.16)

u =
F sin θ

4πν

{
log

(
ℓ

a

)
+ C2 + c2

}
, (4.17)

where the ci depend only on the local buoyancy distribution within the plume.

In Appendix 4.B we calculate the values of c1 and c2 for three representative buoy-

ancy distributions. The values are found to be numerically small, and are not partic-

ularly sensitive to the actual distribution. For a top-hat profile we obtain c1 = c2 =

−0.097 and for a Gaussian profile c1 = c2 = −0.058. Since c1 and c2 are much smaller

that the leading-order logarithmic terms for a/ℓ≪ 1 (and also smaller than the correc-

tions C1 and C2), we shall use the fixed values c1 = c2 = −0.1. This avoids the need to

calculate the buoyancy distribution within the plume.
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4.3.3 Diffusive growth

Finally, we consider how the plume width a varies due to the axial variation of velocity

and the outward diffusion of buoyancy. In Chapter 3, we defined a representative mass

flux

Q(s) =
2
∫
bψ dψ∫
bdψ

(4.18)

for a straight axisymmetric plume, in terms of the streamfunction ψ. This definition has

the convenient property that Q(s) = 4κs+Q0 exactly, where Q0 is the initial mass flux

at the base of the plume. For a uniform axial flow w0(s), we note that Q(s) = a2w0.

Despite the fact that the flow considered here is not quite uniform and that a sheared

plume is neither axisymmetric nor straight, we shall use the simple approximation

a2 =
4κs +Q0

w + γz sin θ
(4.19)

to model the stretching and diffusion of the plume in a total axial flow w + γz sin θ.

The corrections to (4.19) due to the non-uniform flow and non-axisymmetry will

be small for slender plumes (a ≪ ℓ). Moreover, we are principally concerned with the

plume trajectory (rather than the precise evolution of a) and the trajectory depends

only weakly on a logarithm of a. We will therefore not attempt to improve upon (4.19).

4.3.4 Non-dimensionalisation

From (4.9), (4.16) and (4.17), we scale velocities with (B/2πν)1/2 and the buoyancy F

with (2πνB)1/2. The length and time scales L and T are chosen such that

L

T
=

(
B

2πν

)1/2

(4.20)

to give the correct velocity scale. This leaves one degree of freedom in the choice of L

(or T ). As shown below, the most convenient choice depends on the situation under

consideration.

Rewriting (4.9), (4.10), (4.16), (4.17) and (4.19) in non-dimensional form, we obtain

w = F cos θ

{
log

(
ℓ

a

)
+ C1 + c1

}
, (4.21)

u =
F sin θ

2

{
log

(
ℓ

a

)
+ C2 + c1

}
, (4.22)

cos θ =
u

G z
, (4.23)

F =
1

w + G z sin θ
, (4.24)

a2 =
K s+ Q

w + G z sin θ
, (4.25)
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Length Scale Time Scale Shear Rate Diffusion Mass Flux

L T G = γT K =
4κT

L2
Q =

Q0T

L3

(
B

2πνγ2

)1/2

γ−1 1
8πνκγ

B
Q0γ

2

(
2πν

B

)3/2

4κ

(
2πν

B

)1/2 8πνκ

B

8πνκγ

B
1

Q0

16κ2

(
B

2πν

)1/4

Q
1/2
0

(
2πν

B

)1/4

Q
1/2
0

(
2πν

B

)3/4 4κ

Q
1/2
0

(
2πν

B

)1/4

Q
1/2
0 γ

(
2πν

B

)3/4

1

H H

(
2πν

B

)1/2

γH

(
2πν

B

)1/2 4κ

H

(
2πν

B

)1/2 Q0

H2

(
2πν

B

)1/2

Table 4.1: Examples of various choices of length scale L and time scale T , along with

the resultant dimensionless parameters G , K and Q.

where

G = γT , K =
4κT

L2
, Q =

Q0T

L3
, (4.26)

ℓ, C1 and C2 are given by (4.13)–(4.15), and c1 = c2 = −0.1. These equations form the

plume model.

The dimensionless parameters G , K and Q can be viewed as non-dimensional forms

of the shear rate, thermal diffusivity, and initial mass flux respectively. Their values

depend on the fluid and source properties, the applied shear rate, and the chosen length

and time scales. One convenient option is to choose the length scale L to set one of G ,

K or Q to be unity. Alternatively, a natural external length scale could be used — for

example the depth H of the fluid when there is an upper boundary. The results of these

different scalings are shown in table 4.1.

4.3.5 Numerical scheme

We applied the model developed above to solve for the trajectory of a sheared plume

using a simple numerical marching scheme which integrates up from the source.

The plume is discretised into segments with a uniform vertical extent δz, indexed by

a counter i. We record the velocity (ui, wi), angle θi, force-density Fi and width ai at

the centre of segment i, and the cumulative arc-length si and horizontal displacement

xi at its end-point. The arc-length and horizontal displacement are related to the angle

and height by
ds

dz
= cos θ ,

dx

dz
= tan θ , (4.27)

which can be approximated by central differences.
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We integrate up the plume one segment at a time. We start a little way above

z = 0, since the plume needs to be sufficiently slender for (4.21) and (4.22) to give

good estimates of the velocity (in particular log(ℓ/a) must be large enough to ensure

that w, u > 0). In practice, zmin = 5ha, as defined by (4.28), is found to be a suitable

starting point.

After computing the variables in segment i − 1, we start on the next segment by

making initial estimates for ui, wi and θi using linear extrapolation. We then use (4.27)

to compute si and xi, before computing Fi using (4.24) and ai using (4.25). We then

compute new values of wi and ui using (4.21) and (4.22), and θi using (4.23). This

iterative process is repeated until convergence is achieved. We then move on to the next

segment.

4.4 Transition heights and parameter regimes

There are several places in (4.21)–(4.25) where two terms are added together, raising the

possibility that one term or other will dominate in some region of the plume. The change-

overs between such regions of dominance lead to three (non-dimensional) transition

heights:

• The height ha at which the plume starts to become slender,2 given by a/ℓ = O(1);

• The height hd at which outward diffusion starts to have a significant effect on the

width of the plume,3 given by K s ∼ Q;

• The height hs at which the background shear velocity becomes comparable to the

rise velocity of plume, given by w ∼ G z.

We shall consider only the case ha ≪ hs in which the plume becomes slender before

it suffers significant shearing. We make this restriction so that slender-body theory

(and hence the model) is applicable in the region in which the plume is being sheared.

(It is also questionable whether it is appropriate to use the term ‘plume’ to describe a

non-slender region of buoyancy.)

We now examine how the transition heights are related to the dimensionless param-

eters G , K and Q. We first consider the case where the fluid domain is sufficiently

high that ℓ = z is a good approximation at each of the transition heights. We note that

2This corresponds to z0 in the point-source plume model of Chapter 2, and h0 in the distributed-

source plume model of Chapter 3.
3This corresponds to z

∗ in the distributed-source plume model of Chapter 3.
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Figure 4.2: A regime diagram for sheared plumes, based on the three dimensionless

parameters G , K and Q, as defined in (4.26). The upper-right region corresponds to

plumes that would suffer significant shearing before they become slender, which we do

not consider here. The three labelled regimes correspond to different orderings of the

transition heights (4.28)–(4.30).

for z . hs, the angle of inclination is not too close to horizontal, so that cos θ = O(1),

w & G z sin θ and s ∼ z.

The plume becomes slender when z ∼ ha ≪ hs. By definition, ℓ/a = O(1) there,

and by examining (4.21) and (4.24) we find that w ∼ F ∼ 1. Then (4.25) implies

ha ∼ max{Q1/2,K } . (4.28)

We can only evaluate the diffusion height hd when it satisfies hd . hs. In this case,

s ∼ z, and K s ∼ Q implies that

hd ∼
Q

K
. (4.29)

When hd ≫ hs, the arc-length s could be significantly larger than the height z, and we

are unable to relate the two without solving the model in detail.

Finally, for the shear height hs, we first estimate w ∼ (log(ℓ/a))1/2 using (4.21) and

(4.24). Then w ∼ Ghs implies that

hs

[
log

(
hs
a(hs)

)]−1/2

∼ 1

G
. (4.30)

The width a(hs) may be estimated from (4.25) using s ∼ hs and the estimate of w.

With the restriction ha ≪ hs, there are three possible orderings of the transition

heights, which lead to three different dynamical regimes, as shown in figure 4.2.
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• Plumes in Regime I (ha ≪ hs ≪ hd) suffer significant deflection before they start

to thicken diffusively. This obviously includes the non-diffusive case of immiscible

fluids.

• Plumes in Regime II (ha ≪ hd ≪ hs) have the diffusive and shear heights reversed,

so now the plume thickens diffusively before it suffers a significant deflection.

However, since ha ≪ hd, there is still a lower region where the plume is slender

but behaves in a non-diffusive manner (cf. z ≪ z∗ in Chapter 3). Such plumes

must originate from a distributed source.

• Plumes in Regime III (hd ≪ ha ≪ hs) appear the same as those in regime II at

the O(hs) heights where shearing takes place. But lower down, there is no slender

non-diffusive behaviour; the plume is already behaving diffusively when it becomes

slender. Such plumes originate from a point source (see §3.1).

Each point on the regime diagram (figure 4.2) corresponds to a single plume. How-

ever the characteristics of the plume may change along its length, as z passes through

each of the transition heights. Thus the plume corresponding to a specific point in

parameter space may appear to have different characteristics depending on the height

scale over which it is viewed.

Consider now how the results above are affected by the presence of a rigid boundary

at z = H, when H is not significantly larger than all of the transition heights. Clearly,

we should ensure that ha ≪ H so that the plume is slender over most of the domain,

and that hs . H so that there is some shearing to be observed. With the presence

of an upper boundary at a lower height, the length scale ℓ is smaller at each height

(see (4.13)), and hence ha will be larger. There will also be a region adjacent to the

upper boundary where a/ℓ & O(1) and the plume is not slender. Vertical motion will

be inhibited by the boundary, so the plume will be deflected more (hence hs will be

reduced) and will appear to widen more rapidly by outward diffusion (hence hd will be

reduced). Away from the upper boundary, the length scale ℓ and the induced velocities

will have the same order of magnitude as they would in the absence of the boundary (or

with the boundary at a much larger value of z). Therefore, the behaviour away from

the boundary will be qualitatively similar.

4.5 Comparison with experiments

Relevant experimental results have been reported by Richards & Griffiths (1988) and

Kerr & Mériaux (2004). In both cases the authors generated a low-Reynolds-number



Chapter 4. Sheared Plumes in Viscous Fluid 65

No. Gw∗ K Q/w∗ w∗ µi/µ0

A1 3.98 0 0.32 × 10−4 1.88 0.07

A2 0.996 0 1.28 × 10−4 1.69 0.07

A3 0.283 0 4.50 × 10−4 1.49 0.07

B1 1.73 0 1.60 × 10−4 1.65 0.25

B2 0.661 0 4.19 × 10−4 1.47 0.25

B3 0.290 0 9.54 × 10−4 1.35 0.25

Table 4.2: Values of the dimensionless parameters inferred from the experiments of

Richards & Griffiths (1988) based on the outer viscosity µ0. The factor w∗ is defined

by (4.31) and is used to infer B and Q0 from the plume diameter. The groups Gw∗ and

Q/w∗ are independent of w∗ and are calculated directly from the reported parameters.

The viscosity ratio µi/µ0 is of the plume to the ambient fluid.

shear flow in a vertically orientated cylindrical tank by rotating a circular lid in contact

with the fluid. A buoyant plume was released from an off-centre position on the base,

and observed as it rose through the sheared fluid. From the reported experimental

parameters, we calculated the corresponding values of G , K and Q using the fluid

depth H as the length scale L. The numerical scheme described in §4.3.5 was then used

to predict the plume trajectories.

4.5.1 Richards & Griffiths (1988)

Richards & Griffiths used glycerol as the ambient fluid, in a tank of radius R = 30 cm

with a fluid depth H = 9.5 or 10.5 cm. A compositionally buoyant plume (of a glycerol

and water mixture) was released through a hole in the bottom of the tank at a distance

Rp = 12 cm from the axis. Molecular diffusion was negligible over the time scales

involved, so the experiments fall into Regime I of figure 4.2. The rotation rate of the

lid, and the properties of the injected fluid were varied between different runs.

Unfortunately Richards & Griffiths did not report the injection velocity or initial

mass flux, so we could not calculate Q0 and B directly. One constraint follows from

the reported values of ∆ρ = B/gQ0. A second constraint is provided by the observed

diameter d of the plume, which was used as follows. Let w∗, a dimensionless axial

velocity, be defined such that

Q0 = π

(
d

2

)2( B

2πν

)1/2

w∗ . (4.31)

Both B and Q0 can then be expressed in terms of w∗ and known experimental param-

eters. Finally, the velocity w∗ was chosen so that the model predicted a plume of the
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Figure 4.3: A comparison of the model with the experiments of Richards & Griffiths

(1988). The solid lines show experimental results, while the dashed lines are the predic-

tions of the model (centre-line and plume edges at ±
√

2a). The horizontal and vertical

coordinates have been non-dimensionalised by the height H of the domain. Arbitrary

horizontal off-sets have been introduced to separate the different experiments.
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No. G K /10−4 Q/10−4 µi/µ0

6 0.425 7.61 4.44 0.32

8 1.03 7.61 4.44 0.32

12 0.175 3.80 2.80 0.090

14 0.425 3.80 2.80 0.090

18 0.425 7.77 4.50 0.087

20 1.03 7.77 4.50 0.087

Table 4.3: Values of the dimensionless parameters inferred from the experiments of

Kerr & Mériaux (2004), based on the outer viscosity µ0. The ratio with the viscosity µi

of the hottest fluid in the plume is also shown.

observed diameter.

The dimensionless parameters corresponding to the experiments reported are shown

in table 4.2. The shear rate γ was calculated by assuming the velocity varied linearly

in z between the stationary base and moving lid directly above the source. The results

from the model are compared with the experiments in figure 4.3. The agreement is fairly

good, except at the lower (dimensionless) shear rates.

4.5.2 Kerr & Mériaux (2004)

Kerr & Mériaux studied diffusing thermal plumes in both glycerol and glucose syrup.

Their tank had radius R = 30 cm and height H = 24 cm (except for one experiment done

with H = 12 cm). The plumes were generated by a heated disk at the lower boundary,

a distance Rp = 15 cm from the axis. They were visualised using a pair of injected dye

streams (assumed to act as passive tracers). The heating power, fluid properties and lid

rotation rate were all varied to investigate their effects on the plumes.

It is not obvious how to measure the initial mass flux Q0 in the experiments, and

understandably Kerr & Mériaux did not attempt to do so. Nevertheless, a value of Q0 is

required in our model. This was computed from the quoted flux Rayleigh number RaQ

(defined in terms of the power consumption of the heating element) using the results of

§3.4 for the boundary layer above a heated disk. We note that πRaQ = Nu Ra in the

notation of Chapter 3, and that the definitions of the mass flux are the same. Using

(3.57) and (3.58), we obtain

Q0 = 0.969κas (RaQ)1/6 , (4.32)

where as is the radius of the source.
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Figure 4.4: A comparison of the model predictions with the experiments of Kerr &

Mériaux (2004). The dashed lines are the results (centre-line and width at ±
√

2 a) from

the model using a uniform shear velocity.
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The dimensionless parameters corresponding to six experiments are shown in ta-

ble 4.3. (As before, the shear rate γ experienced by the plume was assumed to be

uniform in z.) The similar values of K and Q suggest that hd is comparable to H.

Since G = O(1) and the aspect ratios of the plumes are not particularly large, hs is

also comparable to H. Therefore the experiments are roughly on the border between

Regimes I and II of figure 4.2.

The results from the model are compared with the experiments in figure 4.4. The

agreement is less than satisfactory, and it would appear that the shear velocity experi-

enced by the experimental plumes is much less than that estimated, as done above, by

assuming uniform shear between the moving lid and stationary source.

We therefore re-examine the assumption that the motion of the lid produces an

approximately uniform shear flow. The Stokes flow in a cylindrical tank of radius R and

height H with a rigid lid rotating at angular velocity ω can be obtained using separation

of variables in polar coordinates (ρ, z). The velocity has only an azimuthal component

V , which is given by

V (ρ, z) = ωR

∞∑

n=1

αn J1(knρ/R)
sinh(knz/R)

sinh(knH/R)
, (4.33)

where kn are the positive roots of the Bessel function J1, and the coefficients αn are set

by the boundary condition V (ρ,H) = ωρ. Calculations of the velocity profiles V (Rp, z)

experienced by the plumes in the two sets of experiments are shown in figure 4.5. The

profile for the experiments of Richards & Griffiths (1988) is a very good approximation to

uniform shear. However, owing to the larger values of H/R and Rp/R, the experiments

of Kerr & Mériaux (2004) had a profile that deviates significantly from uniform shear.

In particular, the velocity near the bottom of the tank is predicted to be less than half

that under a uniform-shear assumption.

The numerical computations for these experiments were therefore repeated with the

shear velocity γz (with γ = ωRp/H) replaced by a polynomial approximation

V ≈ γz
[
1 − 0.6

(
1 − z

H

)
− 0.4

z

H

(
1 − z

H

)]
(4.34)

to (4.33) (see figure 4.5). Much better agreement was obtained, and the results can be

seen in figure 4.6.

4.5.3 Discussion

Considering that the model has no adjustable parameters, the agreement with the ex-

periments, as shown in figures 4.3 and 4.6 is quite good in most, but not all, of the runs.
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Figure 4.5: Theoretical velocity profiles (solid lines) computed using the expansion

(4.33) and evaluated at the radius Rp where the plumes were released. The parameters

used for Richards & Griffiths (1988) were R = 30 cm, H = 10.5 cm, Rp = 12 cm. Those

used for Kerr & Mériaux (2004) were R = 30 cm, H = 24.5 cm, Rp = 15 cm. The dashed

lines show approximations to the theoretical solutions: uniform shear for RG88, and the

cubic approximation (4.34) for KM04.

We now discuss some of the modelling assumptions and possible reasons for the discrep-

ancies. We note that, with one exception, all the errors in the trajectory predictions are

such that the model predicts a greater deflection than is actually observed. There is,

however, no systematic variation of the error with deflection angle or plume thickness.

One obvious weakness of the model is the requirement for slenderness, and the cor-

rections to slender-body theory that have been neglected. Since C2 ≈ −1.3, we need a

reasonably large aspect ratio ℓ/a even to predict a positive value of u, let alone reach

the regime in which slender-body theory is a good approximation. Since ℓ = z(1− z/H)

the maximum value of ℓ is only 1
4H, which exacerbates the difficulty. Taking Richards

& Griffiths’ experiment A3 as a typical example, the mid-height aspect ratio is about

12, giving a value of only 2.5 for log(ℓ/a). There is evidence for over-estimation of the

deflection of the thicker plumes in figure 4.3, and some, but not all, of the thicker plumes

in figure 4.6.

The model also implicitly assumes that the plumes remain roughly cylindrical and

that non-axisymmetric effects are negligible. Given the results of Chapter 5, it is plau-

sible (at least for diffusing plumes) that the shear flow will strip some of the buoyant
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Figure 4.6: A comparison of the model predictions with the experiments of Kerr &

Mériaux (2004). The dashed lines are the results (centre-line and width at ±
√

2 a) from

the model using the non-uniform shear velocity (4.34). Note the significant improvement

over figure 4.4.
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plume material into a horizontal wake on the downstream side of the plume. However,

it seems likely that this will increase the angle of inclination from that predicted by the

model.

We also assumed that any viscosity variations are negligible. In fact, in all the ex-

periments considered, the plume material had a lower viscosity than that of the ambient

fluid (due either to compositional effects or to temperature-dependent viscosity). This

does not appear to have had a great effect on the results, with no obvious correlation

between larger viscosity contrasts and larger discrepancies. From a theoretical point of

view, viscosity contrasts affect the constants ci which are quite small (an order of mag-

nitude less than the Ci), so a correspondingly large contrast would be required for this

change to be significant. A faster axial velocity w would result in a smaller buoyancy

force F per unit length for a given value of B. But it is not the axial velocity that

directly controls the angle of inclination. The angle θ is determined by the transverse

velocity u, which (for a given F ) will be influenced far less by the lower internal viscosity

than w.4 Hence the smaller value of F will dominate the effect of a slightly larger value

of c2 in (4.22), thus causing u to be smaller. Hence a lower internal viscosity would be

expected to cause plumes to be deflected by more than the isoviscous model predicts,

which is contrary to the observed discrepancies.

Of the effects discussed above, it appears that departures from asymptotic slen-

derness is the most likely explanation for the differences between the model and the

experiments, though this is far from proven.

4.6 Concluding remarks

We have developed a model for sheared plumes which has some advantages over those

proposed before. We have also identified the key dimensionless parameters and regimes

for such plumes, along with suitable non-dimensionalisations. This may allow for easier

comparison between experiments and theory in the future.

The model developed here uses slender-body theory for the plume, which is math-

ematically more satisfactory than assuming a constant rise velocity. By taking into

account the horizontal boundaries, we have also shown how to determine the appropri-

ate aspect ratio. The end result is that the model requires no fitting parameters. It also

4Compare with the rise of a uniform buoyant cylinder (see Lister & Kerr, 1989, for example). The

rise velocity is principally controlled by the outer viscosity, with the viscosity ratio only having a small

effect. There is only about a 50% difference between rise speed of a infinitely viscous rigid cylinder and

that of an inviscid cylindrical bubble.
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makes it explicit that the velocity that determines the deflection angle is the transverse

induced flow u, rather than the axial induced flow w.

The model also has the advantage of relative simplicity. It is probably the best that

can be done with only local cross-sectionally averaged variables. Any improvements

would have to come from incorporating either additional information from the internal

buoyancy distribution within the plume, or additional non-local information about the

global trajectory and distribution of F . If the results are deemed unsatisfactory, then

these complications would need to be incorporated.

The agreement with experiments (see figures 4.3 and 4.6) is by no means perfect,

though it is reasonable considering that there are no fitting parameters in the model.

Further work needs to be done to assess the model’s performance more fully and to

examine more closely where discrepancies might arise.

Finally, we note that the applicability of the model is not restricted to steady plumes

in uniform shear flows. As we have seen above, it is straightforward to adapt it for use in

an arbitrary flow by replacing the occurrences of G z in (4.21)–(4.25) with an alternative

flow field. The model could also be used to predict the temporal evolution of a plume (for

example, in response to a change in the external flow) by modifying (4.10) to describe

advection of the plume in the direction of its normal.

Appendicies

4.A Calculations for the outer velocity

In this appendix, we provide outlines of the calculations behind the results quoted in

(4.13)–(4.15) for ℓ and Ci. Contributions come from the buoyancy throughout the whole

of the plume, and include the effects of any boundaries above or below the fluid domain.

However, we wish to estimate these parameters using only local properties of the plume.

The parameters ℓ and Ci are defined by (4.11) and (4.12) in terms of the outer limit

of an inner flow, which must therefore also be the inner limit of an outer flow. As

shown in Chapter 2, for plumes whose properties vary only slowly along their length,

the outer flow can be represented by a set of Stokeslets on the plume axis. Moreover,

it was shown there that the local velocity near the plume at any point is dominated by

that of a uniform plume with the corresponding local properties applying throughout.

We therefore consider flows driven by a line of Stokeslets of uniform strength.
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Figure 4.7: The coordinates and points used in the calculation of Appendix 4.A.1. We

use a Green’s function for the velocity induced at x by a Stokeslet at x′. The free-space

Green’s function is added to that of an appropriate image system at x∗, chosen to satisfy

the no-slip boundary condition at z = 0.

4.A.1 Straight inclined plume above a single rigid boundary

First, we consider the velocity induced by a uniform line of Stokeslets at a fixed angle

above a single rigid boundary. The length ℓ and corrections Ci can be evaluated exactly

as functions of θ. We use the method of images described in §2.4 to express the velocity

as the integral

u(x) =

∫ ∞

0
F ẑ ·K(x; s′) ds′ . (4.35)

The Green’s function for the velocity at a point x due to the Stokeslet at x′ and

image system x∗ is

ẑ ·K =

(
ẑ

|y′| +
(ẑ ·y′)y′

|y′|3
)
−
(

ẑ

|y∗| +
(ẑ ·y∗)y∗

|y∗|3
)

+ 2s′ cos θ

(
y∗

|y∗|3 − 3(ẑ ·y∗)2y∗

|y∗|5
)

− 2s′2 cos2 θ

(
ẑ

|y∗|3 − 3(ẑ ·y∗)y∗

|y∗|5
)
, (4.36)

where, using the notation of figure 4.7,

y′ ≡ x − x′ = (s− s′)ŝ + rr̂ , (4.37)

y∗ ≡ x − x∗ = (s− s′)ŝ + 2s′ cos θ ẑ + rr̂ . (4.38)
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We were unable to evaluate the full integral (4.35) analytically. However, we are

only interested in the limiting behaviour of the velocity close to the plume. There is a

logarithmic singularity from the first two terms in (4.36) and the remaining terms only

contribute to the constant and higher order terms. We also note that the velocity is

proportional to F and a function only of r/s and φ, so we can set s = F = 1 without

loss of generality.

We consider a second kernel

K̃ =





(
I

|y′| +
y′y′

|y′|3
)

: 0 < s′ < 2

0 : otherwise

(4.39)

which has a known integral and has the same singular behaviour as K near r = 0. We

are then able to evaluate ∫ ∞

0
ẑ ·

(
K − K̃

)
ds′ (4.40)

analytically at r = 0. By adding the constant term and logarithmic behaviour due to K̃

to this result, we obtain the logarithmic and O(1) behaviour of the full outer velocity

as r/s → 0. Comparing with (4.11) and (4.12), we see that this is precisely what is

required to evaluate ℓ and the Ci. Taking ℓ = z for simplicity, the results for the Ci are

given in (4.14) and (4.15).

Since the velocities are dominated by contributions from the local buoyancy, and

in the absence of a better analytical result, we shall apply these results for a line of

Stokeslets to calculations for plumes with varying inclination θ(s) by evaluating them

with the local value of θ at each point.

4.A.2 Vertical plume between two free-slip boundaries

Secondly, we calculated the equivalent results for a vertical plume between two free-slip

boundaries at z = 0 and z = 1. (Both the rigid case and the case θ 6= 0 appear to be

intractable.)

The vertical velocity induced at a point (s, z) in an unbounded domain by an isolated

Stokeslet of strength ẑ at (0, z′) is given by

J(s, z; z′) =
s2 + 2(z − z′)2

[s2 + (z − z′)2]3/2
. (4.41)

We now consider the total velocity w(s, z) as an integral over a line of such Stokeslets

for 0 < z′ < 1 together with the appropriate images for z′ < 0 and z′ > 1. For free-

slip boundaries the images are simply Stokeslets of the same strength reflected in the
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boundaries. These reflections result in a Stokeslet density along the axis which is of

uniform magnitude but which reverses direction at unit intervals.

Defining

In(s, z) =

∫ ∞

n

{
J(s, z; z′) − J(s, z;−z′)

}
dz′ , (4.42)

the velocity is given by

w(s, z) = (I0 − I1) − (I1 − I2) + (I2 − I3) − (I3 − I4) + . . .

= I0(s, z) + 2

∞∑

n=1

(−1)n In(s, z) . (4.43)

The integrals In can be evaluated explicitly, but all we actually need is the limiting

behaviour as s/z → 0. We find that

I0(s, z) = −4 log
(s
z

)
+ 4 log 2 − 2 +O

(s
z

)
, (4.44)

In(s, z) = 2 log

(
n+ z

n− z

)
+O

(s
z

)
[n ≥ 1 ] . (4.45)

Evaluating the sum (4.43) with the help of formula 8.325(1) in Gradshteyn & Ryzhik

(2000), we find that

w(s, z) = −4 log
( s

L

)
+ 4 log 2 − 2 +O

(s
z

)
(4.46)

where

L =
2Γ
(
1 − 1

2z
)

Γ
(
1 − 1

2(1 − z)
)

Γ
(

1
2z
)

Γ
(

1
2(1 − z)

) . (4.47)

Comparing w(s, z) with I0(s, z), which is in fact the corresponding result for a single

lower boundary, we identify L with the the appropriate outer length ℓ. To within an

accuracy of 8%, (4.47) may be approximated by

ℓ = z(1 − z) . (4.48)

Since ℓ only appears in the model in a logarithm, this is a sufficiently good approxi-

mation. We shall assume that the simplified expression (4.48) is also appropriate for

sheared plumes between two rigid horizontal boundaries, with the values of Ci obtained

above.

4.B Calculations for the inner velocity

In this appendix, we outline the calculations of the constants ci for some specific buoy-

ancy distributions as discussed in §4.3.2. For a slender plume, the length-scale of vari-

ation along the axis is large compared with the width a. For r/a ≤ O(1), the Stokes



Chapter 4. Sheared Plumes in Viscous Fluid 77

equations (4.1) and (4.2) can be simplified by neglecting axial derivatives. By matching

to the far-field behaviour (4.11) and (4.12), we can obtain an explicit solution for the

flow field inside the plume induced by a given buoyancy distribution. This is then used

to determine c1 and c2.

With the non-dimensionalisation used in the model, the Stokes equations simplify

and decouple to

∇2
⊥w = −2π b cos θ , (4.49)

∇2
⊥ u⊥ = ∇⊥p− 2π b sin θ t̂ & ∇⊥·u⊥ = 0 , (4.50)

where the subscript ‘⊥’ denotes components in the local (r, θ) plane, and t̂ is the unit

vector in the r direction when φ = π. The far-field boundary conditions are given by

(4.11) and (4.12) in terms of the Ci.

It is convenient to use a horizontal coordinate ξ = r/a, to rescale the buoyancy as

b(r) =
F

a2
b̃(ξ) , (4.51)

and to write the inner velocity in the form

w = F cos θ

{
log

(
ℓ

a

)
+ C1 + f1(ξ, φ)

}
, (4.52)

u =
F sin θ

2

{
log

(
ℓ

a

)
+ C2 +

(
cos2 φ− 1

2

)
+ f2(ξ, φ)

}
. (4.53)

The far-field boundary condition is then fi(ξ, φ) ∼ − log ξ + o(1) as ξ → ∞.

We now calculate the velocities fi(ξ, φ) in terms of the scaled buoyancy b̃(ξ), by

using a Green’s function. We write

fi(ξ, φ) = 2π

∫ ∞

0
Gi(ξ, φ; ξ′) b̃(ξ′) ξ′ dξ′ . (4.54)

For the axial velocity

G1(ξ, φ; ξ′) =

{
− log ξ′ : 0 < ξ < ξ′ ,

− log ξ : ξ′ < ξ <∞ ,
(4.55)

which is easily obtained from (4.49). For the transverse velocity,

G2(ξ, φ; ξ′) =





− log ξ′ −
(
cos2 φ− 1

2

)
: 0 < ξ < ξ′ ,

− log ξ −
(
cos2 φ− 1

2

) ξ′2
ξ2

: ξ′ < ξ <∞ ,
(4.56)

which can be derived from (4.50) using, for example, Papkovich–Neuber potentials.
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Figure 4.8: The velocity driven by the axisymmetric buoyancy distributions (4.58).

The function plotted is the axisymmetric component of fi from (4.52) and (4.53), which

is the same for both the axial and transverse velocities. The short horizontal segments

by the left-hand axis indicate the corresponding values of ci as given by (4.59).

Once the velocity is obtained, application of (4.6) and (4.7), and comparison with

(4.16) and (4.17), gives

ci =

∫ 2π

0

∫ ∞

0
b̃(ξ) fi(ξ, φ) ξ dξ dφ . (4.57)

Results are computed for the three simple axisymmetric buoyancy distributions

b̃(ξ) =





1

π
exp

(
−ξ2

)
: Gaussian ,

1

2π
H(

√
2 − ξ) : Top Hat ,

9

10π

(
1 −

√
3/10 ξ

)
H(
√

10/3 − ξ) : Triangular ,

(4.58)

where H(x) is the Heaviside step function, and the amplitude and width of the distri-

butions have been chosen to satisfy (4.4) and (4.5). The resultant velocities are shown

in figure 4.8, and the corresponding values of ci are

c1 = c2 =





−1
2

(
log 2 − γ

)
= −0.0581 : Gaussian ,

−1
2

(
log 2 − 1

2

)
= −0.0966 : Top Hat ,

−1
2

(
log 10

3 − 31
30

)
= −0.0853 : Triangular .

(4.59)
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The smallness of the corrections ci and their insensitivity to the buoyancy distri-

bution mean that, even at modest aspect ratios, the effects of the internal buoyancy

distribution can be neglected with little loss in accuracy. We anticipate that non-

axisymmetric perturbations to the buoyancy distribution will not have a significant

effect on these results.



Chapter 5

The Self-Similar Rise of a

Buoyant Thermal in Stokes Flow

“I cannot do’t without Compters. ”— William Shakespeare

The Winter’s Tale

Synopsis

A similarity solution is obtained for the rise of a buoyant thermal in

Stokes flow, in which both the rise height and the diffusive growth scale

like (κt)1/2. The dimensionless problem depends on a single parameter, a

Rayleigh number Ra based on the (conserved) total buoyancy and the fluid

properties. Numerical solutions are found for a range of Ra . For small Ra

there are only slight deformations to a spherically symmetric Gaussian tem-

perature distribution. For large Ra the temperature distribution becomes

elongated vertically, with a long wake containing most of the buoyancy left

behind the head. A simple analytic model for the large Ra behaviour is

obtained using slender-body theory. The width of the thermal is found to

increase like (κt)1/2, while the wake length and rise height both increase like

(Ra log Ra)1/2(κt)1/2.

80
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(a) (b)

Figure 5.1: Sketches showing the similarity of an isolated thermal to (a) the head of

a starting plume, and (b) the horizontal cross-section of a plume being deflected by a

background shear flow.

5.1 Introduction

A thermal is an isolated patch of buoyant fluid rising under the influence of gravity. The

source of the buoyancy is usually considered to be a thermal anomaly, but any diffusing

field that affects the fluid density, such as composition, will yield similar behaviour.

Thermals arise from a finite release of buoyancy, as distinct from plumes which are

associated with continuous release.

Plumes and thermals can either be turbulent, in which case the growth is domi-

nated by turbulent entrainment of ambient fluid (see Morton, Taylor & Turner, 1956),

or laminar, in which case the growth is by straightforward diffusion of the buoyancy

field. This chapter is concerned with laminar thermals, motivated by geophysical appli-

cations to flow within the Earth. Thermals and plumes play a key role in the convection

within the Earth’s mantle (see, for example, Campbell & Griffiths, 1990; Steinberger &

O’Connell, 1998; Davies, 1999). The enormous effective viscosity in the mantle leads to

large-Prandtl-number dynamics (typical estimates have Pr > 1020), in sharp contrast

to atmospheric and oceanic convection, where Pr < 10. As well as being an interesting

topic in its own right, the study of isolated viscous thermals may also provide useful

insight into the heads of starting plumes and, thinking of a two-dimensional geometry,

the horizontal cross-section of a steady plume rising through a sheared background flow

(see figure 5.1).

Plumes and thermals have previously been studied using experimental, theoretical

and numerical techniques, and in various Rayleigh and Prandtl number regimes. Interest

in turbulent plumes in the atmosphere grew during the second world war, and a review of

early work is provided by Turner (1969). Such convection has important environmental

applications. Turning to laminar plumes and thermals, Morton (1960) examined the case
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(b)(a)

Figure 5.2: Sketches of the flow envisaged in the large-Rayleigh-number model of

Griffiths (1986a). (a) Instantaneous velocity in a frame moving upwards with the centre

of buoyancy. (b) Material pathlines in a frame moving and expanding with the thermal.

of a weak (Ra ≪ 1) thermal at O(1) Prandtl number, and computed the leading-order

solution for Pr = 1. More recent work on viscous thermals includes the experiments and

modelling of Whitehead & Luther (1975) and Griffiths (1986a). Steady viscous plumes

have been considered by Griffiths & Campbell (1990), Kaminski & Jaupart (2003), and

Whittaker & Lister (2006a,b).

Of particular interest here is the work reported in Griffiths (1986a), which proposed

a large-Rayleigh-number model for an isolated viscous thermal. Based on experimental

observations, Griffiths assumed that the thermal comprises a reasonably well-mixed

spherical core, surrounded by an expanding thermal boundary-layer that is completely

entrained into the core at the rear of the thermal (see figure 5.2). He derived equations

linking the thermal’s radius, growth rate, buoyancy and rise velocity, which were then

solved to determine the behaviour explicitly as a function of time and Rayleigh number

(up to a set of O(1) multiplicative pre-factors). The width of the thermal boundary

layer was estimated by a diffusive growth of (κta)
1/2 over an advection time ta given by

the thermal’s radius and rise velocity. The mass flux into the boundary layer determined

the overall growth in volume of the thermal, and the rise velocity was assumed (up to

an O(1) scaling factor) to be that of a spherical drop in Stokes flow.

Two questions naturally arise: how well-mixed and spherical is the core region, and

is the thermal boundary layer completely entrained without any buoyancy being left

behind the core as a tail or wake?

In this chapter, we describe a generalisation of the work of Morton (1960) to fully

non-linear thermals in the Stokes flow (infinite Prandtl number) regime. By adopting the

assumption of constant viscosity, we are able to make significant progress in analysing

the behaviour of an isolated thermal at low Reynolds number. As we shall see, our

results show that a significant wake is left behind the head, and that the head region is
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not particularly well-mixed.

Since the diffusive growth and the height of rise turn out to have the same temporal

scaling (t1/2), we are able to adopt a similarity formulation. With suitable scalings, the

similarity equations depend only on a single dimensionless parameter

Ra =
B

νκ
, (5.1)

where B is the total buoyancy of the thermal, and ν and κ are the kinematic viscosity

and thermal diffusivity of the fluid. At Ra = 0, the heat and Stokes equations decouple,

and there is no advection of heat. We therefore obtain the usual spherically symmetric

Gaussian temperature profile as the long-time solution. For a weak thermal (small

Ra), we anticipate a slight deformation of the Gaussian solution, with diffusive effects

(favouring a return to the original spherically symmetric solution) balancing advective

effects (which will deform the temperature contours). For larger Ra , we anticipate

significant deformation of the temperature distribution away from spherical symmetry.

This chapter is organised as follows. In §5.2, we formalise the problem of an isolated

thermal in Stokes flow, and show that it admits a self-similar solution. Numerical

solutions for varying values of Ra are described in §5.3 and §5.4, the most successful

of which is given in §5.4.2. A simple model for the behaviour at large Ra is proposed

in §5.5, and concluding remarks, including a comparison with the model of Griffiths

(1986a), can be found in §5.6.

5.2 Problem description and formulation

5.2.1 Governing equations

We consider the rise of an isolated thermal whose buoyancy is solely attributable to a

temperature T (x, t) that exceeds the background temperature T0. We use the Boussi-

nesq approximation, and assume that the viscosity ν, thermal diffusivity κ and linear

expansivity β are all constant. Inertia, viscous heating and non-Newtonian effects are

assumed to be negligible. The governing equations are therefore

ν∇2u =
1

ρ0
∇p+ g

[
1 − β(T − T0)

]
ẑ , (5.2)

∇·u = 0 , (5.3)

∂T

∂t
+ (u ·∇)T = κ∇2T , (5.4)

where u is the fluid velocity, T the temperature, and p the pressure. The ambient fluid

density is ρ0 and the acceleration due to gravity is −gẑ. We work in an unbounded
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z

∫ t
0
w(t′) dt′

a(4κt)1/2

xb(t)

x, y

ℓ(4κt)1/2

Figure 5.3: A sketch of the rising thermal. Diffusion of heat causes the extent of the

thermal to increase like t1/2, and the temperature difference to decay like t−3/2. Since

the mean rise velocity w ∝ t−1/2, the rise height also scales like t1/2 and so the region

swept out by the thermal is a cone. The dependence of the dimensionless radial and

vertical scales a and ℓ on the Rayleigh number Ra is described in §5.5.

domain, with the far-field conditions

u → 0 , p+ ρ0gz → p0 and T → T0 as |x| → ∞ . (5.5)

We define the total buoyancy

B = gβ

∫
(T − T0) d3x , (5.6)

which is conserved by virtue of (5.3)–(5.5) and is assumed to be finite. Finally, we

introduce a mean rise velocity w, defined to be the buoyancy-weighted average

w(t) =
gβ

B

∫
(ẑ ·u)(T − T0) d3x , (5.7)

where ẑ is the unit vertical vector. It can be shown using (5.3)–(5.5) that w is also the

speed at which the centre of buoyancy

xb(t) =
gβ

B

∫
x (T − T0) d3x (5.8)

rises through the fluid. We set x = 0 to be the (virtual) origin of the thermal at t = 0,

so that

xb(t) = ẑ

∫ t

0
w(t′) dt′ . (5.9)

For simplicity, we shall restrict attention to axisymmetric thermals. The preser-

vation of axisymmetry from axisymmetric initial conditions (and also the convergence
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towards axisymmetry from non-axisymmetric initial conditions) can be justified both on

theoretical grounds and with observational evidence from experiments (e.g. Whitehead

& Luther, 1975; Griffiths, 1986b).

A sketch of the situation under consideration is shown in figure 5.3.

5.2.2 Similarity representation

With a purely diffusive solution, the length scale L of the thermal would increase like

κt1/2, and hence the temperature difference T − T0 would decay in proportion to t−3/2

in order to satisfy buoyancy conservation. The velocity in the Stokes flow induced by a

total buoyancy B distributed over a length scale L is readily shown (cf. the rise velocity

of a sphere) to scale like B/νL ∝ Ra(κ/t)1/2. The distance risen will thus scale like
∫
t−1/2 dt ∝ t1/2, which is the same as the distance spread by diffusion (see figure 5.3).

It is therefore possible to seek a similarity solution in which all lengths are scaled with

(4κt)1/2.

We introduce a spatial similarity variable ξ defined by

ξ =
x

(4κt)1/2
. (5.10)

The dependent variables are then represented as follows:

T (x, t) − T0 =
B

gβ(4κt)3/2
Θ(ξ) , (5.11)

u(x, t) =
κ

(4κt)1/2
U(ξ) , (5.12)

w(t) =
κ

(4κt)1/2
W , (5.13)

p(x, t) − p0 + ρ0gz =
ρ0ν

4t
P (ξ) , (5.14)

We shall make use of cylindrical polar coordinates (ρ, φ, ζ) for ξ, with corresponding

unit vectors (ρ̂, φ̂, ζ̂). The axial vector ζ̂ points vertically upwards.

For some of the numerical techniques described later, it is convenient to retain a time-

dependence in the system, and an appropriate similarity time is found to be τ = 1
4 log t.

Under the similarity transformation (5.10)–(5.14), the governing equations (5.2)–(5.4)

become

∇2U = ∇P − Ra Θζ̂ , (5.15)

∇·U = 0 , (5.16)

∂Θ

∂τ
+ ∇·

(
(U − 2ξ) Θ

)
= ∇2Θ . (5.17)
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where it is understood that ∇ now differentiates with respect to ξ. The buoyancy

normalisation becomes ∫
Θ d3ξ = 1 , (5.18)

and the boundary conditions are

U → 0 , P → 0 and Θ → 0 as |ξ| → ∞. (5.19)

Finally, the mean rise velocity is given by

W =

∫
(ζ̂ · U)Θ d3ξ . (5.20)

We shall find the steady solutions of (5.15)–(5.19), which now depend only upon

the single dimensionless parameter Ra . This parameter is a Rayleigh number (since it

gives the strength of the forcing) but can also be thought of as a Péclet number (since

it determines the relative strength of advection in the heat equation). It is the same as

the parameter A of Morton (1960).

5.2.3 Shift of origin and spherical harmonics

For some of the techniques described in §5.3 and §5.4, it is convenient to redefine the

origin of the similarity coordinates to be the centre of buoyancy of the thermal. This is

located on the axis at zb(t) = 1
2W (4κt)1/2 in the physical coordinates, and at ζb = 1

2W

in the similarity frame. The change of origin therefore requires just a simple translation

to a new set of coordinates

η = ξ − 1

2
W ζ̂ . (5.21)

Under this transformation, equations (5.15) and (5.16) are unaffected, but the heat

equation (5.17) can be rewritten as

∂Θ

∂τ
− 6Θ − 2η

∂Θ

∂η
= ∇2Θ −H , (5.22)

where η = |η| and

H =
(
U −W ζ̂

)
· ∇Θ . (5.23)

The ‘forcing term’ H is the only non-linear part of the system, and is the inhomogeneous

part of the heat equation.

At least for smaller values of Ra , we expect that the action of diffusion will keep the

patch of buoyancy roughly spherical. Several of the techniques to be described make use

of a decomposition into axisymmetric spherical harmonics in addition to the change of

origin. (The fact that the buoyancy distribution appears more spherical when centred
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on the centre of buoyancy was one of the motivating factors behind the change of origin

described above.)

The spherical harmonic decomposition is described in detail in Appendix 5.A. The

main advantage of such a decomposition is the significant decoupling between the har-

monic modes of different degrees: the Stokes equations (5.15) and (5.16) couple only

adjacent modes, while the heat equation (5.22) decouples the modes completely. Only

the non-linear forcing (5.23) requires a complex decomposition of products of harmonics.

When working with η and spherical harmonics, we shall typically use spherical polar

coordinates (η, θ, φ) with corresponding unit vectors (η̂, θ̂, φ̂). The axis, θ = 0, is taken

to be vertical.

5.2.4 Neglect of inertia

In §5.2.1, we assumed that inertia was negligible. The Reynolds number of the flow is

Re = max{Uℓκ/ν, κ/ν}, which is independent of time. Here ℓ and U are appropriate

dimensionless length and velocity scales in the similarity frame, and the two terms arise

from considering the neglected non-linear and unsteady terms respectively. Using the

scalings (5.44) and (5.47) from the model of §5.5.1, we find that we require the Prandtl

number Pr = ν/κ to satisfy Pr ≫ max{Ra log Ra , 1} for inertia to be negligible. This

condition is easily satisfied within the Earth’s mantle, for example.

5.3 Series expansion for small Rayleigh number

To solve the similarity system (5.15)–(5.19), we first consider a formal series expansion

for Ra ≪ 1. Each of the variables is expanded in powers of Ra (e.g. Θ = Θ(0)+Ra Θ(1)+

Ra2 Θ(2) + . . .), and we use the shifted coordinates η.

If we know Θ(k−1), we can solve the Stokes equations (5.15) and (5.16) at O(Rak) to

determine U (k). We can then compute the rise velocity W (k), and forcing H(k). (Note

that U (0) = 0, so Θ(k) is not needed.) Finally, we solve the heat equation (5.22) to

determine Θ(k). The process can then be repeated at the next order. This is essentially

the same method as that used by Morton (1960) to O(Ra) for a fluid of finite Prandtl

number.

At each order in Ra , we utilise the decomposition into spherical harmonics as de-

scribed in Appendix 5.A to solve the equations. Due to the form of the coupling, only

harmonics of degree n ≤ k with n ≡ k mod 2 are present at O(Rak). Also W must be

an odd function of Ra .
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5.3.1 Analytical progress

We note that U (0) = 0 and hence H(0) = 0. At O(1), the solution of (5.22) subject to

the normalisation (5.18) is

Θ(0) = π−3/2 e−η
2

. (5.24)

As expected, the leading-order temperature distribution is a spherically symmetric Gaus-

sian. This solution can be used in (5.15) and (5.16), which are solved at O(Ra) to obtain

the leading-order velocity field

U (1) =
1

8π

[(
2

η
− 1

η3

)
erf η +

2√
π η2

e−η
2

]
cos θ η̂

+
1

8π

[
−
(

1

η
+

1

2η3

)
erf η +

1√
π η2

e−η
2

]
sin θ θ̂ , (5.25)

using the Green’s function described in Appendix 5.B. The corresponding leading-order

rise velocity is

W (1) =
1

3
√

2π3/2
≈ 0.04233 . (5.26)

Equations (5.22)–(5.26) provide an analytic expression for the leading-order forcing

H(1). In principle, we would obtain the first correction to the temperature distribution

by solving (5.22) at O(Ra) using equation (5.59) of Appendix 5.A (only the n = 1

component is present). While the integrals can be written down in closed form, we are

unable to evaluate them analytically. However, we do know by symmetry that there is

no correction to W at the next order. Thus

W =
Ra

3
√

2π3/2
+O(Ra3) (5.27)

To proceed further, we employ numerical computations.

5.3.2 Numerical treatment

We use the same inductive solution in powers of Ra as above, but now the various radial

integrations and decompositions are computed numerically. At O(Rak), the solution is

represented as a sum over spherical harmonics of degree n ≤ k, multiplied by radial

functions resolved on a set of uniformly spaced grid-points, with a finite cut-off ηmax.

A tridiagonal finite-difference approximation to (5.59) allows the thermal distribution

Θ be computed from the forcing H at each order, and a Green’s function representation

for the Stokes flow (see appendix 5.B) allows the velocity U to be computed from the

thermal distribution. Then the rise velocity W and new forcing H are computed, and

the process repeated.
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Figure 5.4: The dimensionless rise velocity W for small Rayleigh number Ra . Results

are computed using the series expansion of §5.3 and the truncated harmonics method

of §5.4.1. The pattern of signs in the series suggests that the radius of convergence is

limited by a non-physical singularity on the imaginary Ra axis.

This method was used to compute terms up to O(Ra40), and some of the partial sums

for the rise velocity W are shown in figure 5.4. The series for U , W and Θ appear to

converge for Ra . 230, though many terms are needed for a good approximation when

Ra is close to the limit of convergence. Moreover, the calculation of each additional term

becomes more and more expensive due to the increasing number of harmonics present.

The (almost) alternating signs in the series in Ra2 forW/Ra indicate that the singularity

behind the lack of convergence lies on (or near) the negative Ra2 axis (see Hinch, 1991,

§8.1), and so is not present in the physical problem. We therefore investigated other

techniques for continuing the solution to larger values of Ra .

5.4 Numerical solution for larger Ra

Two numerical approaches were tried to iterate the time-dependent system to steady

state at large Ra . The first, based on a spherical harmonic representation was limited

by numerical stability to Ra . 3000. The second, based on a Green’s function represen-

tation on a cylindrical grid was used successfully to obtain solutions up to Ra = 10000.
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Figure 5.5: Plots of the velocity (solid) and temperature contours (dashed) for various

Ra . (a) shows streamlines for the flow U −W ζ̂ for Ra ≪ 1. In (b)–(d) the solid lines

are pathlines corresponding to the effective advection velocity U − 2ξ. (b) Ra = 0.

(c) Ra = 100: the temperature distribution is displaced vertically, but is still roughly

spherical. (d) Ra = 400: a noticeable wake is left behind the main head, which extends

back to ζ = 0.
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5.4.1 Solution with truncated harmonics

The solutions obtained for Ra ≤ 200 using the series method of §5.3 show only moderate

deviations from spherical symmetry (see figure 5.5c). It is therefore reasonable to assume

that the harmonics of higher degree being added at higher orders in Ra have little effect

on the solution, and that it is the corrections to the lower harmonics which initially

dominate the changes as Ra is increased.

The iteration scheme of §5.3.2 was therefore modified to use only the first N har-

monics, and combine all orders in Ra together. Using the time-dependent similarity

equations, we applied numerical time-stepping techniques to iterate towards a converged

steady state. The velocity induced by the current buoyancy distribution was computed

(using the Green’s function method as before), and then used to advect the buoyancy

subject to diffusion. We chose a temporal discretisation for the heat equation (5.22)

that is implicit in Θ (for better stability), but explicit in H (to avoid coupling between

harmonic modes):

δτ

(
∇2Θ(j) + 6Θ(j) + 2η

∂Θ(j)

∂η

)
− Θ(j) = δτ H(j−1) − Θ(j−1) , (5.28)

where the index j gives the number of time steps δτ completed. At each time step, W

was re-computed based on the current velocity and buoyancy fields.

Using this approach with N = 50, we were able to compute solutions for Ra . 3200.

Some results are shown in figures 5.5 and 5.6. As Ra increases, the buoyancy distribution

becomes less spherical and more vertically elongated. The solution develops a head

region with a sharpened temperature gradient at its top, and a tail region protruding

behind.

However, the numerical method runs into a series of problems for larger values of Ra .

First, due to the elongation of the buoyancy distribution, we require more radial grid-

points and a larger value of N at larger Ra . Both of these increase the computation time.

Secondly, for each value of Ra there appears to be a critical time step δτc, which prevents

convergence if exceeded. For δη fixed, δτc decreases much more rapidly with Ra than

would be expected from a standard Courant condition. This increases the computation

time still further. Finally, at larger values of N , additional stability problems appear,

which manifest themselves as oscillatory waves to the sides of the buoyancy distribution.

It does not appear possible to eliminate these by taking a sufficiently small time step.

The combination of these problems led us to develop an alternative numerical method

of solution. Given the distinctly non-spherical form of the buoyancy distribution, we

looked for a scheme that did not employ the spherical harmonic decomposition.
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5.4.2 Solution on a cylindrical grid

Motivated by the solution structure at large Ra , we solved (5.15)–(5.18) on a cylindrical

grid using the original similarity coordinates ξ. A finite cylindrical domain

D = {(ρ, φ, ζ) : ρ < ρmax , ζmin < ζ < ζmax} (5.29)

was divided into annular cells

Dij = {(ρ, φ, ζ) : ρi−1 < ρ < ρi , ζj−1 < ζ < ζj} , (5.30)

with the N + 1 points {ρi} and M + 1 points {ζj} being uniformly spaced. The tem-

perature was represented by the value at the centre of each cell, and the velocity by the

normal components across each of the cell boundaries. The domain size was chosen to

be sufficiently large that the steady-state temperature is typically less than 10−10 of its

peak value at the domain boundaries.

Using the time-dependent heat equation (5.17), we iterated towards a steady state

by alternately solving the Stokes equations (with the previous buoyancy distribution)

and the heat equation (with the previous velocity field). We used a Green’s function

representation (see Appendix 5.B) for the Stokes equations, and a finite-difference ‘Al-

ternating Direction Implicit’ (ADI) scheme (see Press et al., 1986, §17.6) for the heat

equation. The ADI scheme was written to conserve heat at each time step, and we

applied no-heat-flux boundary conditions on the (artificial) external boundaries of the

domain.

The time-consuming part of each time step is the computation of the velocity using

the Green’s function, which is an O(N2M2) process. To improve efficiency, we perform

several ADI steps before re-computing the velocity field, and also neglect velocity con-

tributions from outer points where the temperature is less that a small critical value

(typically 10−8). In addition, the velocity field (which is significantly smoother than the

temperature field) is computed directly from the Green’s function at only a quarter of

the grid-points. Interpolation is then used to fill in the gaps.

For higher Ra , a small time step is required for stability, and the steady state is

approached by exponentially moderated sinusoidal oscillations. The period of oscillation

is independent of the time step used, and can be several thousands of time steps long.

The perturbations in the buoyancy distribution are concentrated in the head region, and

the period of the oscillations is comparable with the period of the relative circulation

of the effective advection velocity (see figures 5.6 and 5.10). We therefore attribute the

oscillations to a physical eigenmode of the system, rather than a numerical artifact.
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To speed up the convergence (since we are principally interested in finding the steady

state) it is convenient occasionally to stop the time stepping and to average the temper-

ature distributions from two antipodal times. The time stepping is then restarted from

this new distribution and the process can be repeated. For larger Ra this is found to be

very effective at accelerating the convergence to steady state.

5.4.3 Results

Figures 5.5, 5.6 and 5.10 show how the similarity velocity and temperature fields change

as Ra increases, while figures 5.7–5.9 show different aspects of the solution for Ra = 3000.

The streamlines of U are not a very instructive way to visualise the velocity field, since

the vertical component of U is everywhere positive. A better alternative is to consider

the velocity relative to a particular point fixed in the expanding similarity frame. For

example, U − W ζ̂ describes flow relative to the rising centre of buoyancy. However,

whichever point is chosen, the resulting velocity field loses significance away from the

chosen point. This is especially important for larger Ra when the buoyancy distribution

is highly elongated. So, instead, we consider the trajectories of fluid elements in the

similarity frame. These are described by the vector field U − 2ξ, which is also the

effective advection velocity in the heat equation (5.17). The pathlines defined by this

velocity show how both fluid elements and heat are transported, and provide a good

intuitive feel for the flow in the similarity frame.

For small Ra (see figure 5.5), the buoyancy distribution is roughly spherical and

the pathlines converge on a nodal point on the axis. As Ra increases, the buoyancy

distribution starts to elongate vertically with a ‘tail’ forming below the ‘head’.

At Ra ≈ 100 (figure 5.5c), the node moves away from the axis, forming an attracting

ring and leaving a saddle point behind (figure 5.5d). This transition occurs when the

outward radial velocity Uρ generated by the buoyancy distribution becomes greater than

the inward radial advection −2ρ due to the co-ordinate transformation. For larger Ra

the pathlines approach the attracting ring in a spiral manner.

For Ra & 300, the numerical results for the buoyancy distribution show a clear wake

or tail protruding behind a more spherical head region (figures 5.5d and 5.6). The

temperature contours are compressed at the leading edge of the head where the thermal

is rising into the cooler ambient fluid, and the axial strain is negative at the forward

stagnation (saddle) point.

Figure 5.7 shows vertical profiles of the centre-line velocity and temperature for

Ra = 3000. Head and tail regions are clearly visible in 30 < ζ < 35 and 5 < ζ < 30

respectively, and the velocity and temperature exhibit a remarkably linear dependence
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Figure 5.6: Combined pathline (solid) and temperature (dashed) plots for (a) Ra =

1000 and (b) Ra = 3000. The pathlines are for the effective advection velocity U − 2ξ.

The temperature contours are shown at intervals of 8 × 10−3.



Chapter 5. A Buoyant Thermal in Stokes Flow 95

0

50

100

150

0 5 10 15 20 25 30 35 40

ζ

Wc

Ra Θc

2ζ
Ra

4π|ζ − ζb|

Figure 5.7: Vertical profiles of the centre-line temperature Θc and vertical velocity Wc

for Ra = 3000. Also shown is the velocity 2ζ associated with the expanding similarity

frame, and the far-field Stokeslet velocity Ra/(4π|ζ−ζb|) (where ζb ≈ 27 is the height of

the centre of buoyancy). Observe the almost perfect linear behaviour of Wc and Θc over

most of the tail region 5 < ζ < 30. Similar results are obtained for other Ra & 1500.
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Figure 5.8: Equally spaced horizontal temperature profiles within the tail for Ra =

3000. The temperature values in each section have been scaled by the centre-line tem-

perature Θc. The solid line is Θ = Θce
−ρ2/a2 , where a = 0.842. Other values of Ra

exhibit similar behaviour, and the slight variation in a is shown in figure 5.12.
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Figure 5.9: Combined pathline (solid) and temperature (dashed) plot for Ra = 3000.

This is a zoomed out view of figure 5.6a, in order to show the global behaviour of

U − 2ξ. In the far field, the −2ξ term due to the coordinate expansion dominates and

fluid initially moves towards the origin of the similarity frame. Fluid approaching the

head from above is deflected around it. Fluid approaching the buoyancy in the tail is

deflected upwards and then travels up through the tail and into the head.
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Figure 5.10: Combined pathline (solid) and temperature (dashed) plots as in figure 5.6.

(a) Ra = 6000, and (b) Ra = 10000.

on ζ throughout most of the tail. Similar behaviour is found for all Ra & 1000. Figure 5.8

shows several horizontal temperature cross-sections within the tail for Ra = 3000. Each

cross-section has been rescaled by the centre-line value Θc, and the data collapse almost

perfectly onto the Gaussian form Θ(ρ, ζ) = Θc(ζ)e
−ρ2/a2 , with the width a independent

of ζ. This behaviour is also repeated at other values of Ra . Figure 5.9 shows a global

view of the pathlines for Ra = 3000, which is typical of the large Ra behaviour.

For Ra & 1500, there is a secondary temperature maximum on the axis at the top of

the tail, and a weak minimum between this and the start of the head. For Ra & 6000,

the global temperature maximum, which is in the head, moves off the axis to form a

horizontal ring (see figure 5.10). We attribute both of these changes to the cooling effect

of colder fluid being advected in under the head, as seen by the pathlines in figures 5.6

and 5.10.

As Ra increases and the tail region lengthens, the global maximum temperature

decreases (both in absolute terms and relative to the typical temperatures in the tail),

see figure 5.11. The tail width a decreases only slightly with Ra (see figure 5.12) as does

the size of the head region. Since the length and the volume of the tail increase with

Ra , the effect of all these changes is that the proportion of the total buoyancy contained
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Figure 5.11: Numerical results for the maximum temperature on the axis Θ∗ as a func-

tion of Ra . For Ra & 6000 this is slightly smaller than the global maximum temperature,

which lies off the axis.

in the tail increases with Ra towards 100%, and the proportion in the head decreases to

zero.

5.5 Behaviour at large Rayleigh number

We have already seen that as Ra increases, a greater proportion of the buoyancy becomes

contained in the tail. In addition, the length-scale that dominates the motion in Stokes

flows tends to be the largest dimension (in this case the length of the tail), with the

smaller width for a slender body contributing only through a logarithmic factor of the

aspect ratio. We therefore expect the tail region to be be key in understanding the

behaviour at large Ra .

In this section we develop a model for the tail, and show that it compares well with

the numerical results. In particular, we consider the variation with Ra of the width

a and length ℓ of the buoyancy distribution, the gradients Γ and G of the centre-line

velocity and temperature in the tail, and the mean rise velocity W .
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5.5.1 A simple model for the tail

By integrating the heat equation (5.17) in steady state over a horizontal slice, and noting

that Θ → 0 as ζ → ±∞ we obtain

∫ ∞

0

[
∂Θ

∂ζ
+
(
W − 2ζ

)
Θ

]
2πρdρ = 0 . (5.31)

In other words, the net vertical heat flux through each horizontal cross-section is iden-

tically zero.

We begin the modelling by assuming that that the temperature distribution is verti-

cally elongated, so that the height ℓ is much larger than the width a. Vertical derivatives

will then typically be much smaller than their horizontal counterparts. Therefore the

vertical diffusion term ∂Θ/∂ζ in (5.31) is negligible compared with advection terms.

Also there will be little variation in the vertical velocity across the width of the tail.

We therefore obtain W ∼ 2ζ. Applying mass conservation to determine U from W , we

obtain the stagnation-point flow

(U,W ) ∼ (−1
2Γρ , Γζ) , (5.32)

where

Γ ∼ 2 . (5.33)

Returning to the full heat equation (5.17), the vertical advection terms cancel at

leading order, and vertical diffusion is much smaller than horizontal diffusion. Therefore

the leading-order balance is between horizontal advection and horizontal diffusion. We

obtain
1

ρ

∂

∂ρ

(
ρ
∂Θ

∂ρ

)
+ 3ρ

∂Θ

∂ρ
+ 6Θ = 0 , (5.34)

which yields

Θ = g(ζ)e−ρ
2/a2 , (5.35)

where g(ζ) is an as yet unknown function of ζ, and

a2 =
2

3
. (5.36)

Applying slender-body theory (see Hinch, 1991, §5.4), the induced vertical velocity

W at each height is

W ∼ F

2π
log

(
ℓ

a

)
(5.37)

at leading order, where

F =

∫ ∞

0
Θ 2πρdρ = πa2g(ζ) (5.38)
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is the total horizontally integrated buoyancy at that height. Substituting for F and W

in (5.37), we obtain g(ζ) = Gζ where the uniform temperature gradient G is related to

Γ by

Γ ∼ a2Ra G

2
log

(
ℓ

a

)
. (5.39)

The temperature distribution is therefore given by

Θ ∼ Gζe−ρ
2/a2 (5.40)

for 0 < ζ < ℓ. Applying the buoyancy normalisation (5.18) gives

πGℓ2a2

2
∼ 1 , (5.41)

and the rise velocity is evaluated from (5.20) as

W ∼ 2

3
Γℓ . (5.42)

Combining equations (5.33), (5.36), (5.39), (5.41) and (5.42), we obtain the following

leading-order scalings:

a ∼
(

2

3

)1/2

, (5.43)

ℓ ∼
(

Ra log Ra

3π

)1/2

, (5.44)

Γ ∼ 2 , (5.45)

G ∼ 12

Ra log Ra
, (5.46)

W ∼ 2

3

(
Ra log Ra

π

)1/2

. (5.47)

5.5.2 Model comparison

Some of the predictions of §5.5.1 are compared with the numerical results in figures 5.7,

5.8 and 5.12–5.16. Figure 5.7 shows that the predicted linear behaviour of the centre-line

velocity and temperature is indeed seen for Ra = 3000, though the zero points do not

correspond to the coordinate origin (particularly for the temperature). Although not

shown, similar behaviour is seen for other values of Ra & 1500.

Figure 5.8 shows that the horizontal temperature profiles at Ra = 3000 are indeed

Gaussian to a good approximation, though the width a is around 0.841 rather than

the predicted value of 0.816. Other values of Ra also lead to Gaussian behaviour, and

figure 5.12 shows the variation of the width a with Ra . While there is a slow decreasing

trend towards 0.816, the value of a appears to be tending to a finite limit around 0.83.
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Figure 5.12: The tail width a as a function of Ra . The width is determined by fitting

Θc(ζ) exp(−ρ2/a2) to the numerical results for Θ(ρ, ζ) over the linear part of the tail.

The data for Ra > 2500 is fitted well by either of the forms shown in the legend, with

the limiting values a0 being 0.831 and 0.830, and the exponents α being 0.92 and 6.9,

respectively.

Figures 5.14–5.16 compare the numerical results with the other parameters estimated

by the model. The agreement for the mean rise velocity W (figure 5.13) is particularly

good, and the velocity gradient Γ (figure 5.14) is only underestimated by 10–15%. Some

underestimate is to be expected here, since the model assumes that the vertical velocity

is horizontally uniform and that there is no downward conduction of heat. The true

centre-line velocity must therefore be larger than that predicted, since it must provide

extra upward advection to account for the lower velocity away from the axis and the

effect of downward conduction.

The agreement for the temperature gradient G (figure 5.15) and length ℓ (figure 5.16)

is less good, being out by a factor of about 2 in each case. However, the overall trends

are captured correctly by the model, and the discrepancies are successfully addressed

by the refinements added in §5.5.3 below.

5.5.3 Refined model

Two improvements are now made to the model of §5.5.1, which lead to better agreement

with the numerical results. First, we improve upon the slender-body estimate (5.39)

which links the velocity and temperature gradients. Secondly, we take into account the
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Figure 5.13: The mean rise velocity W as a function of Ra . Numerical results and

the predictions of the two models are shown. The slope d(logW )/d(log Ra) varies from

about 0.63 to 0.57 across the plot, which is consistent with the (Ra log Ra)1/2 behaviour

of the models in §5.5.1 and §5.5.3, and clearly different from the Ra3/4 proposed by

Griffiths (1986a; see table 5.1).
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Figure 5.14: The vertical gradient Γ = dW/dζ of the centre-line velocity in the linear

part of the tail as a function of Ra . Numerical results and the prediction of the two

models are shown.



Chapter 5. A Buoyant Thermal in Stokes Flow 103

0.002

0.001

0.0005

0.0002

0.0001
1000 10000

G

Ra

Numerical Results
Simple Model (5.46)

Refined Model (5.54)

Figure 5.15: The vertical gradient G = dΘ/dζ of the centre-line temperature in the

linear part of the tail as a function of Ra . Numerical results and the predictions of the

two models are shown.
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Figure 5.16: Comparison of the model predictions and the numerical results for the

length ℓ of the thermal. For the numerical results we have taken ℓ to be the distance

between the extrapolated zero of the linear centre-line temperature in the tail and the

position of maximum temperature on the axis.



Chapter 5. A Buoyant Thermal in Stokes Flow 104

fact that the vertical velocity decreases slightly away from the axis when considering

the vertical heat-flux balance in (5.31).

In the original model, slender-body theory allowed us to compute the the buoyancy

field (5.35) from the velocity (5.32). We now work backwards, assuming a form for the

buoyancy field, and from it computing a more accurate expression for the associated

velocity field. Using this velocity field in the vertical heat-flux balance then fixes the

free parameters in the assumed buoyancy field.

The assumed buoyancy field is

Θ =

{
G(ζ − ζ0)e

−ρ2/a2 ẑ : 0 < ζ − ζ0 < ℓ ,

0 : otherwise ,
(5.48)

which is motivated by the previous model and by the numerical results. In particular,

the vertical offset ζ0 (which is present in the numerical results, see figure 5.7) is required

to allow the computed velocity W to be directly proportional to ζ without an additive

constant (which is required when balancing the vertical heat flux).

The calculation of the velocity field induced by (5.48) is given in Appendix 5.C.

From (5.78) the centre-line velocity gradient Γ is found to be related to the buoyancy

gradient G by

Γ ∼ a2Ra G

2

(
log

(
ℓ

a

)
+
γ

2
− 3

2

)
, (5.49)

The O(1) corrections to the leading-order logarithmic term in (5.49) turn out to be

numerically quite significant.

Since the new vertical velocity (5.76) varies radially, the corresponding horizontal

velocity is no longer proportional to ρ, and we thus have no reason to expect Gaussian

behaviour in the horizontal temperature profiles. Nevertheless, this is what is observed

in the numerical results, so we retain this approximation. We shall also retain the

previous width a = (2/3)1/2, as in some sense the average vertical strain rate is still 2,

despite the fact that the centre-line gradient Γ is larger.

We turn now to the vertical heat flux, and use the vertical velocity Wi(ρ, ζ) in (5.76)

(multiplied by Ra G) to re-evaluate the flux condition (5.31). We obtain

a2Ra G

4

(
log

(
ℓ

a

)
+
γ

2
− 3

2
− log 2

)
∼ 1 . (5.50)

Also, since Wi must be proportional to ζ with no offset, the vertical offset ζ0 in Θ is

found from (5.78) to be given by

Γζ0 =
a2ℓ

4
. (5.51)
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The new results (5.49) and (5.50) lead to the revised scalings

ℓ ∼
(

Ra f(C/Ra)

4π

)1/2

, (5.52)

Γ ∼ 2 +
2 log 2

f(C/Ra)
, (5.53)

G ∼ 12

Ra f(C/Ra)
, (5.54)

W ∼ 2

3

(
Ra f(C/Ra)

π

)1/2(
1 +

3

2f(C/Ra)

)
, (5.55)

where C = 8πa2e3−γ ≈ 189, and f(x) is defined as the solution of x = f exp(−f)

such that f(x) > 1 on its domain of definition 0 < x < e−1. (Note that −f(−x) is a

non-principal branch of the Lambert W-function in Maple.) The large Ra asymptotic

behaviour is still as in (5.43)–(5.47), but significant correction terms are also built in.

The improvements can be seen in figures 5.14–5.16. While the refined model may be

somewhat ad hoc, it does give good agreement with the numerical results, and it demon-

strates that there are asymptotic corrections to the simple slender-body model that are

at least the right order of magnitude.

5.6 Discussion and conclusions

5.6.1 Summary

As Ra increases from zero, the initially spherically-symmetric Gaussian temperature

distribution becomes deformed, and a wake or tail begins to form at the rear. At large

Ra , the temperature distribution has a roughly spherical head and a long tail stretching

back almost to the origin. These changes with Ra can be seen in figures 5.5, 5.6 and

5.10.

The size of the head (based on the width over which the temperature is more than a

fixed percentage of its maximum value) varies little with Ra , but the maximum temper-

ature in the head decreases so that the total buoyancy in the head tends to zero. The

velocity field in the head shows the characteristics of a ring vortex, and the material

trajectories in the similarity frame (given by the effective advection velocity) spiral in

to an attracting ring at the centre of the vortex (see figure 5.10).

At large Ra , most of the buoyancy is contained in the tail, which extends most of

the way back to the origin. The velocity field is dominated by the buoyancy in the tail.

The centre-line temperature and vertical velocity are both linear functions of height over

most of the length of the tail, and the horizontal temperature profiles are Gaussian. In
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Present Work Griffiths (1986a)

a 1 Ra1/4

ℓ (Ra log Ra)1/2 Ra1/4

Θ∗ (Ra log Ra)−1/2 Ra−3/4

W , ζb (Ra log Ra)1/2 Ra3/4

α (Ra log Ra)−1/2 Ra−1/2

Table 5.1: Comparison of the asymptotic behaviour of the large-Ra models (either

simple or refined) presented here with that of Griffiths (1986a). The semi-angle α is

that of the cone swept out by the rising thermal, and is given by tanα ∼ a/ζb. Griffiths’

results have been converted to the similarity variables used herein, and for simplicity

O(1) factors have been omitted. The factors for the present simple model can be seen

in (5.43)–(5.47), with the refinements in (5.52)–(5.55).

section §5.5 we developed a simple model for the tail, which compares well with the

numerical results. This agreement strongly supports the idea that the dynamics of the

rise at large Rayleigh number are controlled by the tail, rather than the head.

5.6.2 Comparison with Griffiths (1986a)

The time-dependence in the scalings for the diffusive growth, cooling and ascent of the

thermal (as outlined in §5.2.2) are the same as those obtained by Griffiths (1986a).

As a result, solutions corresponding to Griffiths’ model would appear steady under the

similarity transformation we use here. The temporal parts of the scalings given in

§5.2.2 are inevitable due to the form of the equations and to the fact that any length-

scale derived from the problem parameters must be proportional to t1/2. (The only

dimensionless groups are Pr and Ra , which are both independent of time.) These

temporal scalings are also consistent with Griffiths’ experiments.

The scalings with Ra obtained here do not match those of Griffiths (1986a), and the

two sets of predictions are compared in table 5.1. As can be seen in figures 5.12, 5.13

and 5.16, Grifiths’ scalings for the dimensions of the thermal and its rise velocity are

clearly inconsistent with our numerical results. These differences are due to the form of

the flow. Griffiths’ model assumes an O(1) aspect ratio for the thermal, which leads to

a rise velocity that increases more rapidly with Ra . Our results show that the buoyancy

does not remain in a compact head, and instead forms an elongated tail.

A theoretical argument supports the observation that the buoyancy cannot remain

indefinitely in a self-similar head region that is detached from the origin. Any sufficiently

compact and rapidly rising region of buoyant fluid, such as that proposed in the Griffiths’
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model, will have W < 2ζ on some portion of the centre-line between the buoyant region

and the origin (recall that W = 2ζb and that W will fall off like |ζ − ζb|−1 on the length

scale of the compact head). Thus there will be a saddle point in the effective advection

velocity U − 2ξ below the head. The stable manifold of this saddle point defines a

critical surface extending to infinity that separates pathlines which end near the original

from those which end in the head. Diffusion will result in a flux of buoyancy across

this critical surface, and complete entrainment of the surrounding thermal boundary

layer is impossible. Buoyancy must therefore be lost from the head, and these losses

will accumulate over time. The buoyant fluid outside the critical surface will either

not contribute significantly to the dynamics (in which case the thermal will appear to

lose buoyancy and the temporal scalings must change) or it will form a significant tail

contradicting the assumption of a compact region. Our numerical results indicate the

latter case: the buoyancy is distributed almost back to the origin, and there is no rear

stagnation point in the flow defined by U − 2ξ.

It is therefore slightly puzzling that Griffiths’ experimental observations of the rise

height (his figure 10), or equivalently the rise velocity, tend to support his scaling more

than ours. We hypothesise that the discrepancy could be due to the finite size of the

experimental domain, and the possibility that the similarity solution has not had time

to fully develop. We discuss these effects further below.

Looking at the photographs of the experiments by Griffiths (1986a), it may also

appear at first sight that the buoyancy actually is concentrated in a spherical head

region. However, what is visualised by the dye is the initial buoyant fluid from the

source. As can be seen from the pathlines in figure 5.6, the fluid comprising a thermal

at early times will in fact be concentrated in the head vortex at later times. Moreover,

in contrast to turbulent thermals, any ambient fluid that is heated by diffusion is not

mixed with the fluid already comprising the thermal until it gets into the head vortex.

Hence the fluid forming any tail by diffusion would not be marked with dye, and so

would not be seen.

5.6.3 Other effects and future work

Finally, we discuss the effects of transients, boundaries and temperature-dependent vis-

cosity. These were all assumed to be negligible in our analysis, but are likely to play a

role in laboratory experiments and real-world situations.

First, any realisation of a thermal from a finite source will involve the formation of an

initial region of buoyant fluid with some typical length scale L0. This will adjust to the

similarity solution on a timescale L2
0/κ given by the diffusion time across the buoyant
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region. In this time, the thermal corresponding to the similarity solution is able to rise

a distance of order L0(Ra log Ra)1/2. We would then require at least this height of rise

before the similarity solution would be observed experimentally.

Secondly, the presence of boundaries would affect the flow, especially given the slow

|x|−1 decay of the far-field velocity in Stokes flow. The magnitude of boundary effects

can be estimated from the method of images by evaluating the velocity field for the

unbounded problem at twice the distance to the nearest boundary. Boundaries will

have a significant effect when ℓ is comparable to the distance to the nearest boundary

and will, in general, disturb the self-similar structure of the solution. The exception is

the case of a single horizontal lower boundary located at z = 0. The method of §5.4.2
could easily be adapted to find the similarity solution for this case. A no-flux thermal

boundary condition would be applied at ζ = 0, and an appropriate image system (see

§2.4) would be added to the velocity Green’s function to yield either a stress-free or

no-slip condition on the velocity field.

Thirdly, the solution would be affected by variations of the fluid viscosity with tem-

perature, which can be quite large in geophysical situations and with some experimental

fluids. This effect may not be as large as might appear, since the rise of a buoyant blob

of one fluid through another is principally governed by the viscosity of the outer fluid

rather than the inner. For example, other parameters being equal, the rise of a spher-

ical bubble (zero internal viscosity) is only 25% faster than that of a spherical drop of

equal viscosity to the surrounding fluid (see Batchelor, 1967, §4.9). Therefore, while we

should expect a low-viscosity thermal to have a slightly faster rise velocity and a slightly

enhanced circulation inside the head, the overall scalings will probably not change by

much. The tail-forming tendency may be somewhat reduced as the reasonably warm

fluid in the tail rises more rapidly in a Poiseuille-like flow along a ‘conduit’ formed by

the more viscous surrounding fluid. The importance of this flow will decrease as the

aspect ratio of the thermal increases with Ra . We also note that T → T0 as the thermal

rises and cools, so any viscosity contrasts will naturally decay. Therefore at sufficiently

large times, the uniform-viscosity solutions presented here will be a good representation

of the flow.

The above discussion should guide the design of experiments intended to give a good

comparison with the theoretical solution. The combination of a small heat source and a

large tank is clearly necessary to minimise the effects of transients and boundaries. Small

temperature contrasts and a fluid, such as silicone oil, with only a weak dependence of

viscosity on temperature will minimise viscosity variations. It will be harder to satisfy

these constraints in a large-Rayleigh-number regime.
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Despite the restrictive assumptions used in this work, the exact similarity solu-

tion obtained, together with the insights obtained by successful modelling of the large-

Rayleigh-number behaviour, add to the understanding of isolated thermals in viscous

fluid and should form a useful base for further work.

Appendicies

5.A Decomposition into spherical harmonics

Some of the techniques of §5.3 and §5.4 use an expansion in axisymmetric spherical

harmonics, based on spherical polar coordinates (η, θ, φ) with the origin at the centre of

buoyancy. We write

Θ(η) =

∞∑

n=0

gn(η)Pn(cos θ) , (5.56)

U (η) =

∞∑

n=1

[
un(η)Pn(cos θ) η̂ + vn(η) sin θ P ′

n(cos θ) θ̂
]
, (5.57)

H(η) =

∞∑

n=0

hn(η)Pn(cos θ) , (5.58)

where η̂ and θ̂ are the unit radial and meridional vectors respectively, and Pn is the

Legendre polynomial of degree n.

The transformed Stokes equations (5.15) and (5.16) are solved for a given forcing Θ

using the Green’s function (5.64). Each component gn of Θ, forces only the (n− 1) and

(n+ 1) components of U , which are found as radial integrals of gn(η).

The transformed heat equation (5.22) conveniently decouples into a radial ODE for

each Legendre component:

g′′n(η) + 2

(
1 + η2

η

)
g′n(η) +

(
6 − n(n+ 1)

η2

)
gn(η) = hn(η) . (5.59)

Solutions to the homogeneous equation behave like ηn or η−n−1 as η → 0, and decay

like exp(−η2) or η−3 as η → ∞. For each limit, we must reject the second behaviour

to ensure a finite total buoyancy. For n ≥ 1 this provides the two boundary conditions

required for a unique solution. For n = 0, exp(−η2) solves the homogeneous equation

exactly, and the buoyancy normalisation (5.18) provides the missing boundary condition.

The forcing term U ·∇Θ in (5.23) introduces a dense coupling between the harmon-

ics. The coefficients b
(i,j)
n in the identity

Pi(cos θ)Pj(cos θ) ≡
i+j∑

n=|i−j|

b(i,j)n Pn(cos θ) (5.60)
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are known explicitly in terms of various factorials (see formula 8.915(5) in Gradshteyn

& Ryzhik, 2000), and a similar identity involving products of derivatives of Pn can be

obtained from (5.60) using standard properties of the Legendre polynomials. Using

these identities, the Legendre decomposition of H can be obtained in terms of those for

U and Θ. The integral (5.20) defining W can also be evaluated.

5.B Green’s functions for unbounded Stokes flow

5.B.1 Harmonic forcing on a spherical shell

We construct the Green’s function for the unbounded Stokes flow with unit viscosity

due to a body force

f(η) = δ(η − η0)Pn(cos θ) ζ̂ , (5.61)

where ζ̂ is the unit vertical vector, η = |η| is the radial coordinate, θ is the angle from

the vertical, and Pn is the Legendre polynomial of degree n.

We begin by defining a set of fundamental solutions to the homogeneous Stokes

equations. These are derived from separable axisymmetric solutions to the fourth-order

equation satisfied by the streamfunction (see Happel & Brenner, 1973, §4-23). The

velocities and pressures obtained are

U (α)
n =

η0

2µ

(
η

η0

)α−1 [
n(n+ 1)Pn(cos θ) η̂ − (α+ 1) sin θ P ′

n(cos θ) θ̂
]
, (5.62)

P (α)
n =

n(n+ 1)

2(α− 2)

[
α(α − 1) − n(n− 1)

]( η

η0

)α−2

Pn(cos θ) , (5.63)

where α takes one of the values −(n+ 1), −(n− 1), n or (n+ 2). The velocity Green’s

function corresponding to the forcing (5.61) can then be written as the superposition

G(η; η0, n) =

{
C−U

(n−1)
n−1 +D−U

(n+1)
n−1 + C+U

(n+1)
n+1 : 0 ≤ η < η0

A−U
(−n)
n−1 +A+U

(−n−2)
n+1 +B+U

(−n)
n+1 : η0 ≤ η <∞

(5.64)

of these solutions. The coefficients are found by matching the various fields at η = η0.

We obtain

1/A− = 1
2 (2n− 1)(2n + 1)2 , 1/C+ = 1

2(2n + 1)2(2n+ 3) ,

1/A+ = −(2n + 1)(2n + 3) , 1/C− = (2n− 1)(2n + 1) ,

1/B+ = (2n + 1)2 , 1/D− = −(2n+ 1)2 . (5.65)

(The coefficients of U
(n+3)
n+1 and U

(n−2)
n−1 , which might be expected to appear in G, happen

to be zero.)
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5.B.2 An axisymmetric ring of Stokeslets

We construct the Green’s function for the unbounded Stokes flow with unit viscosity

due to a body force

f(ξ) = δ(ρ− ρ0) δ(ζ − ζ0) ζ̂ , (5.66)

where (ρ, φ, ζ) are cylindrical polar coordinates, and ζ̂ is the unit vertical vector. We

start from the Stokeslet integral representation

G(ξ; ρ0, ζ0) =

∫
J(ξ − ξ′) ·f(ξ′) d3ξ′ , (5.67)

where

J(x) =
1

8π

(
I

|x|
+

xx

|x|3
)

(5.68)

is the Oseen tensor (see Pozrikidis, 1992, §2.2). After integrating over the two delta

functions, we obtain

G(ξ; ρ0, ζ0) =
ρ0

4π

∫ π

0

(ζ − ζ0)(ρ− ρ0 cosφ)

R3
ρ̂ +

(
1

R
+

(ζ − ζ0)
2

R3

)
ζ̂ dφ , (5.69)

where R2 = (ζ − ζ0)
2 + ρ2 + ρ2

0 − 2ρρ0 cosφ. The integral in (5.69) can be written in

terms of the complete elliptic integrals, K and E, of the first and second kind. We obtain

G(ξ; ρ0, ζ0) =
ρ0(ζ − ζ0)

4πρR+

(
K(k) − (ζ − ζ0)

2 + ρ2
0 − ρ2

R2
−

E(k)

)
ρ̂

+
ρ0

2πR+

(
K(k) +

(ζ − ζ0)
2

R2
−

E(k)

)
ζ̂ (5.70)

where R2
± = (ζ − ζ0)

2 + (ρ± ρ0)
2 and k = 2

√
ρρ0/R+. Further details can be found in

Pozrikidis (1992, §2.4). To evaluate the elliptic functions numerically, we followed the

method of Lee & Leal (1982).

5.C The Stokes flow driven by an idealised tail

Using matched asymptotics, we consider the Stokes flow with unit viscosity driven by

the body force

f(ξ) =

{
(ζ − ζ0)e

−ρ2/a2 ζ̂ : 0 < ζ − ζ0 < ℓ

0 : otherwise
(5.71)

in the limit a≪ ℓ. We use cylindrical polar coordinates (ρ, φ, ζ) to represent the position

vector ξ.
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We first consider the outer flow Uo in ρ ≫ a, which is driven at leading order by a

line of Stokeslets of density F (ζ) = πa2(ζ − ζ0) for 0 < ζ − ζ0 < ℓ. Using the integral

representation (5.67), we write

Uo(ξ) =
1

8π

∫ ζ0+ℓ

ζ0

(
ζ̂

|ξ − ζ ′ζ̂|
+

(ξ − ζ ′ζ̂)(ξ − ζ ′ζ̂)

|ξ − ζ ′ζ̂|3

)
F (ζ ′) dζ ′ . (5.72)

The vertical component of Uo can be rewritten as

Wo(ρ, ζ) =
a2

8

(
2 + ρ

∂

∂ρ

)∫ ζ0+ℓ

ζ0

(ζ ′ − ζ0) dζ ′

[(ζ − ζ ′)2 + ρ2]1/2
. (5.73)

This integral can be evaluated analytically, from which we obtain

Wo(ρ, ζ) ∼
a2ζ̃

2

{
− log

(ρ
ℓ

)
− 3

2
+

1

2
log

(
4
ζ̃

ℓ

[
1 − ζ̃

ℓ

])}
+
a2ℓ

4
+O

(ρ
ℓ

)
(5.74)

as the asymptotic expression for the inner limit of the outer flow, where ζ̃ = ζ − ζ0.

Turning to the inner flow U i(ρ, ζ) in ρ = O(a), we use boundary-layer approxima-

tions to reduce the vertical component of the Stokes equations to

1

ρ

∂

∂ρ

(
ρ
∂Wi

∂ρ

)
= ζ̃e−ρ

2/a2 , (5.75)

for 0 < ζ̃ < ℓ. Integrating twice, we obtain

Wi(ρ, ζ) = Wc(ζ) −
a2ζ̃

4

(
Ei(ρ2/a2) + 2 log(ρ/a) + γ

)
, (5.76)

where Ei(x) =
∫∞
1 t−1e−xt dt, and γ = 0.5772 . . . is Euler’s constant. Wc(ζ) is the

centre-line velocity, but appears here as an undetermined constant of integration. The

outer limit of this inner solution is given by

Wi(ρ, ζ) ∼Wc(ζ) −
a2ζ̃

2

(
log(ρ/ℓ) + log(ℓ/a) +

γ

2

)
. (5.77)

Matching the inner and outer solutions (5.74) and (5.77), we obtain an asymptotic

expression for the centre-line velocity. Neglecting the second logarithm in (5.74), which

is numerically small away from the ends and is a nonlinear effect, we obtain

Wc(ζ) ∼
a2ζ̃

2

(
log

(
ℓ

a

)
+
γ

2
− 3

2

)
+
a2ℓ

4
. (5.78)

Numerical calculation of the full velocity field (e.g. using the Green’s function method

described in Appendix 5.B) shows that this expression is indeed a good approximation

for ℓ/a & 10. Moreover, for moderate values of ℓ/a, it is significantly better than the

leading-order slender-body result, which comprises only the logarithmic term.



Chapter 6

Free Convection Beneath a

Heated Horizontal Plate in a

Rapidly Rotating System

“Although this may seem a paradox, all exact science

is dominated by the idea of approximation. ”— Bertrand Russell

Synopsis

Laminar flow beneath a finite heated horizontal plate in a rapidly rotating

system is considered in both axisymmetric and planar geometries. In par-

ticular, we examine the case where the Ekman layer is confined well within

a much deeper (yet still thin) thermal boundary layer. It is shown that this

situation corresponds to the parameter regime E−3/2 ≪ Ra ≪ E−5/2, where

E and Ra are the natural Ekman and Rayleigh numbers for the system.

Beneath most of the interior of the plate, outward mass transfer is confined

to the Ekman layer, while a thermal wind balance dominates in the thicker

thermal boundary layer. Consideration of different regimes near the outer

edge of the plate reveals the boundary conditions on the interior flow there.

With a uniform plate temperature, the dimensionless heat transfer is given

by Nu ∼ 1
2Ra1/2E 3/4[log(Ra−1E−5/2)]1/2. The case of uniform heat flux

from the plate is also considered.
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6.1 Introduction

The flow that develops beneath a finite heated horizontal plate is a fundamental problem

in natural convection. The heating creates a pool of buoyant fluid directly beneath the

plate. Due to drainage of this fluid at the edge, the pool is thicker in the middle, and

the resulting horizontal pressure gradient drives the fluid outwards.

The non-rotating case has been studied extensively over a wide range of Prandtl num-

bers. For example, experiments (Aihara, Yamada & Endo, 1972; Hatfield & Edwards,

1981), numerical simulations (Goldstein & Lau, 1983), and theoretical investigations

(Singh & Birkebak, 1969; Higuera, 1993) have all been reported. For sufficiently large

Rayleigh numbers, the thermal boundary layer is thin compared with the horizontal

scale of the plate. Boundary-layer approximations can be employed, and reveal that

the Nusselt number for the heat transfer from a uniform-temperature plate scales like

Nu ∼ Ra1/5, where Ra is a Rayleigh number based on the size of the plate.

In contrast, it does not appear that there are any comparable studies of this type

of convection in a rapidly rotating system. Imposed thermal variations on the top

surface of a rotating cylinder have previously been considered by Pedlosky, Whitehead

& Veitch (1997). However, this study dealt with linear perturbations to a background

stratification, and was of an enclosed cylinder. Other studies of convection in a rotating

system have considered sidewall heating (e.g. Hunter, 1967; McIntyre, 1968), or the case

where the buoyancy force is directed away from the horizontal surface at which the

thermal forcing is applied (e.g. Boubnov & Fernando, 1999).

In this chapter, we study the simple problem of steady convection in rapid rotation

from beneath a heated horizontal plate — either a circular disc, or an infinite strip. As

in the non-rotating case, there is a buoyant layer and an outward pressure gradient, but

now most of the outflow is expected to be confined to a thin Ekman layer. Attention

is confined to the case where this Ekman layer is thin compared with the thermal

boundary layer,1 which in turn is much thinner than the horizontal scale of the plate.

The parameter regime in which this holds is identified, and solutions are presented

for conditions of uniform temperature and of uniform heat flux on the plate. These

steady solutions provide a basis for future stability analysis and discussion of possible

time-dependent flows.

As well as being a classical problem in its own right, this work represents a first

1The alternative limit, in which the thermal boundary layer is much thinner than the Ekman layer,

reduces to the non-rotating case, as the thermal boundary layer is then not significantly affected by the

rotation.
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Figure 6.1: An overview of the two geometries being considered, showing a circular

disc (left) and a rectangular strip (right). Note the left-handed co-ordinate system, but

with the rotation vector oriented in the direction of −ẑ.

step towards understanding a possible flow in the Earth’s fluid outer core just below

the core–mantle boundary. If the heat flux from the core is everywhere sub-adiabatic

then a global thermally stratified layer can form at the top of the core (Lister & Buffett,

1998). In contrast, if the flux is only locally sub-adiabatic then a local stratified patch

forms (Olson & Glatzmaier, 1996) which spreads laterally in a manner analogous to the

lateral spread of the buoyant layer below a heated plate. It should, however, be noted

that magnetic braking plays a significant role in flows near the core–mantle boundary

(Lister, 2004).

6.2 Problem Description

6.2.1 Governing equations

We consider the flow beneath a horizontal plate of half-width L, held at a constant

temperature ∆T above the temperature T0 of the ambient fluid. (See §6.8 for the case

of a uniform heat flux.) The plate is either a strip that is infinite in the y-direction

and has width 2L in the x-direction, or a circular disc of radius L for which we let x

denote the radial co-ordinate and y the azimuthal co-ordinate. In both cases we let z

denote the downward distance from the surface of the plate, gẑ denote the acceleration

due to gravity, and −1
2f ẑ the rotation vector. See figure 6.1. We denote the velocity

components by (u, v,w) and the pressure by p. In this study we assume that the flow is

steady and independent of y.

We employ the Boussinesq approximation, and we assume that the kinematic vis-

cosity ν, thermal diffusivity κ, and thermal expansivity β are all independent of the

temperature T . Conservation of mass implies that

1

xℓ
∂

∂x

(
xℓu
)

+
∂w

∂z
= 0 , (6.1)



Chapter 6. Convection Beneath a Rotating Plate 116

where ℓ = 0 when the heated region is an infinite strip, and ℓ = 1 when it is a circular

disc. Neglecting the centrifugal term (assuming that Lf2/g ≪ 1), the components of

the momentum equation are

u
∂u

∂x
+ w

∂u

∂z
− fv = − 1

ρ0

∂p

∂x
+ ν

(
∇2u− ℓu

x2

)
, (6.2)

u
∂v

∂x
+ w

∂v

∂z
+ fu = ν

(
∇2v − ℓv

x2

)
, (6.3)

u
∂w

∂x
+ w

∂w

∂z
= − 1

ρ0

∂p

∂z
+ g [1 − β(T − T0)] + ν∇2w . (6.4)

Finally, the heat equation is

u
∂T

∂x
+ w

∂T

∂z
= κ∇2T . (6.5)

The boundary conditions on these equations are described later. The dimensionless

parameters are the Rayleigh, Ekman, and Prandtl numbers,

Ra =
gβ∆TL3

νκ
, E =

2ν

fL2
, Pr =

ν

κ
. (6.6)

6.2.2 Regions and scalings

Figure 6.2 shows the anticipated form of the flow beneath the heated plate. The non-

uniform thickness of the thermal boundary layer sets up a horizontal pressure gradient

below the plate. This drives an outward flux in an Ekman layer (region I) of thickness

δE ∼ LE 1/2. The remainder of the thermal boundary layer (region II, typical thickness

δT ) is in geostrophic balance at leading order, so that the pressure gradient drives a

transverse thermal wind v rather than any significant outward flow u.

The divergence of the flux in the Ekman layer sucks fluid up from below, so there

is a small vertical velocity w throughout the thermal boundary layer. This velocity

also penetrates deep into the bulk fluid (region III) by virtue of the Taylor–Proudman

constraint. Since the geostrophic velocity is divergence-free, w is a function only of x in

region II. This vertical velocity sets up an advection–diffusion balance that determines

the thickness of the thermal boundary layer, and thus closes the problem for x < L.

Solutions for the separate regions are presented in §§6.3–6.6, and the issue of what

happens at the plate edge is considered in §6.7.
Since the boundary layers are thin and the flows mainly horizontal, we expect the

vertical pressure gradient to be hydrostatic. Hence

p− p0 − ρ0gz ∼ ρ0gβ∆T δT . (6.7)
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Figure 6.2: A sketch showing the expected form of the flow, with three distinct regions:

the inner Ekman layer (I), the geostrophic thermal boundary layer (II), and the bulk

fluid (III).

Balancing the viscous, Coriolis, and pressure forces in the Ekman layer gives

(u, v)
ν

δ2E
∼ (fu, fv) ∼ ∂p

∂x
(6.8)

The second of these scalings also corresponds to a thermal-wind balance in the thermal

boundary layer since v and ∂p/∂x have the same scalings there as in the Ekman layer.

Balancing the Ekman flux with the vertical mass flux, we obtain

wL ∼ u δE . (6.9)

Finally, an advection–diffusion balance in region II sets the scale for the thermal bound-

ary layer as

δT ∼ κ

w
. (6.10)

Combining these scaling estimates, we define dimensionless coordinates

X =
x

L
, Y =

y

L
, Z =

z

δT
, ζ =

z

δE
, (6.11)

where

δT = LRa−1/2 E−3/4 , δE = LE 1/2 . (6.12)

For the vertical coordinate, ζ will be used in the Ekman layer (region I) and Z will be

used in the thermal boundary layer (region II). We also define dimensionless dependent

variables by

(u, v,w) =
κ

L
Ra1/2E 1/4

(
U, V,E 1/2 W

)
, (6.13)

p− p0 − ρ0gz = ρ0gβ∆TLRa−1/2E−3/4 P , (6.14)

T − T0 = ∆T θ . (6.15)



Chapter 6. Convection Beneath a Rotating Plate 118

Outside the Ekman layer, the lack of a pressure gradient in the y-direction implies

that the dominant velocity in the x-direction is due to ageostrophic corrections, and is

much smaller than the thermal wind in the y-direction. We estimate u ∼ νv/fδ2T , which

leads to a revised scaling of

u(x, z) =
κ

L
Ra3/2E 11/4 Ua(X,Z) (6.16)

in region II.

The scaled variables are substituted into the governing equations (6.1)–(6.5). In

order to obtain the leading-order balances anticipated above, the boundary-layer scales

must be well separated, i.e.

δE ≪ δT ≪ L ⇔ E−3/4 ≪ Ra1/2 ≪ E−5/4 . (6.17)

Physically, the convective flow must be sufficiently large to allow confinement of the

thermal buoyancy to a thin boundary layer, but not so large that the thickness of the

thermal boundary layer becomes as small as that of the Ekman layer.

For simplicity, we also assume that Pr ≥ O(1), which ensures that inertial terms

do not appear prematurely in various places and further complicate the asymptotic

analysis.

6.3 The Ekman layer

In terms of the scaled variables defined in (6.11)–(6.15), the leading-order equations

within the Ekman layer are

∂W

∂ζ
= − 1

Xℓ

∂

∂X

(
XℓU

)
, (6.18)

2V =
∂P

∂X
− ∂2U

∂ζ2
, (6.19)

2U =
∂2V

∂ζ2
, (6.20)

∂P

∂ζ
= O(Ra1/2E 5/4) , (6.21)

∂2θ

∂ζ2
= Ra1/2E 5/4

(
U
∂θ

∂X
+W

∂θ

∂ζ

)
. (6.22)

The boundary conditions are that the velocities vanish and θ = 1 on ζ = 0, and that

the velocities, pressure and temperature match those in the thermal boundary layer as

ζ → ∞.

Equations (6.22) and (6.17) show that the vertical variation in ∂θ/∂ζ across the

Ekman layer is small. Since ∂θ/∂ζ must be matched below to the thermal boundary
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layer, which has a much larger vertical scale, we can therefore expect ∂θ/∂ζ to be small

throughout the Ekman layer. Applying the boundary condition at ζ = 0, we conclude

that, at leading order,

θ(X, ζ) = 1 (6.23)

throughout the Ekman layer. We also note in passing that the right-hand side of (6.22)

is actually much smaller than the apparent Ra1/2E 5/4 scaling, so that the change in

∂θ/∂ζ is negligible (in the sense that it is much smaller than its typical magnitude)

across the Ekman layer.

From (6.21), the pressure is vertically uniform within the Ekman layer, so we write

P (X, ζ) = P0(X) , (6.24)

where P0 is imposed by the pressure in the thermal boundary layer as Z → 0.

The remaining equations (6.18)–(6.20) give rise to a standard Ekman-layer flow, with

an outwards flux driven by the horizontal gradient of the, as yet unknown, pressure

P0(X). The horizontal velocities are given by

(U, V ) = −1

2

dP0

dX

(
sin ζ e−ζ , cos ζ e−ζ − 1

)
(6.25)

and, by continuity, the vertical velocity is

W (X, ζ) =
1

4Xℓ

d

dX

(
Xℓ dP0

dX

)[
1 − (cos ζ + sin ζ) e−ζ

]
. (6.26)

6.4 The thermal boundary layer

The leading-order balances in (6.1)–(6.5) within the thermal boundary layer are

∂W

∂Z
= 0 , (6.27)

2V =
∂P

∂X
, (6.28)

2Ua =
∂2V

∂Z2
− Pr−1W

∂V

∂Z
, (6.29)

∂P

∂Z
= −θ , (6.30)

W
∂θ

∂Z
=
∂2θ

∂Z2
. (6.31)

The boundary conditions are obtained by matching to the Ekman layer as Z → 0 and

to some sort of bulk flow as Z → ∞.

Noting from (6.27) that W = W (X), we solve (6.31) to obtain

θ(X,Z) = θ0(X) e−Z/H(X) , (6.32)
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where we have written

W (X) = − 1

H(X)
(6.33)

to introduce the thickness H(X) of the thermal boundary layer, and θ0(X) is the tem-

perature to be matched with the Ekman layer. (Clearly θ0 = 1 for the fixed-temperature

problem, but this notation proves convenient for the fixed-flux problem in §6.8.) We

now integrate (6.30) to obtain

P (X,Z) = θ0(X)H(X) e−Z/H(X) + P∞(X) , (6.34)

where P∞(X) is given by matching as Z → ∞. From (6.28), the horizontal pressure

gradient induces a thermal wind

V =
1

2

dH

dX

(
1 +

Z

H

)
e−Z/H +

1

2

dP∞

dX
. (6.35)

Finally, (6.29) determines the much smaller ageostrophic outward velocity

Ua =
1

4H2

dH

dX

(
1 − Pr−1 − Z

H

)
e−Z/H . (6.36)

Equations (6.32)–(6.36) describe the solution in the thermal boundary layer in terms of

the functions θ0(X), H(X), and P∞(X), which are determined by matching.

6.5 Matching

6.5.1 Matching between the Ekman and thermal boundary layers

Matching the pressure P between the Ekman layer and the thermal boundary layer leads

to

P0 = θ0H + P∞ . (6.37)

Matching the vertical velocity W = −1/H to (6.26) leads to

1

4Xℓ

d

dX

(
Xℓ dP0

dX

)
+

1

H
= 0 . (6.38)

Matching the temperature θ leads to θ0(X) = 1.

The transverse velocity V matches automatically (due to the matching of P ), and

the outward velocity U does not need to be matched at this order since it decays to zero

towards the base of the Ekman layer, and Ua has a much smaller scale in the thermal

boundary layer.

Eliminating P0 and θ0, we obtain

1

Xℓ

d

dX

[
Xℓ

(
dH

dX
+

dP∞

dX

)]
+

4

H
= 0 . (6.39)
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6.5.2 Matching between the thermal boundary layer and the bulk fluid

The required behaviour of the solution in the thermal boundary layer as Z → ∞ depends

on whether or not there is a horizontal boundary within a certain distance below the

heated plate.

If there is no such boundary, or if there is one at a (dimensional) distance much

greater than E−1L, then there is sufficient space for the Taylor–Proudman constraint

to be relaxed, and fluid can be drawn in without a significant pressure gradient. Con-

sequently, we can write P∞(X) = 0 and P0 = H. We then obtain an equation for

H(X):
1

Xℓ

d

dX

(
XℓdH

dX

)
+

4

H
= 0 . (6.40)

With knowledge of H(X), and hence of P0(X) and P∞(X), the full solution may be

recovered from (6.23)–(6.26) and (6.32)–(6.36).

If there is a lower boundary at Z = Z∗, with 1 ≪ Z∗ ≪ Ra1/2E−1/4 (i.e. greater than

the thickness of the thermal boundary layer, and less than Taylor adjustment length),

then a second Ekman layer forms above it. By analogy with (6.26), the horizontal

pressure gradient as Z → Z∗ is coupled to the vertical velocity W = −1/H that persists

from the thermal boundary layer by

W (X,Z∗) = − 1

4Xℓ

d

dX

(
XℓdP∞

dX

)
= − 1

H
. (6.41)

Combining this with (6.39), we find that

P∞(X) = −1

2
H(X) , P0(X) =

1

2
H(X) , (6.42)

and the equation for H(X) is now

1

Xℓ

d

dX

(
XℓdH

dX

)
+

8

H
= 0 . (6.43)

With the amended expressions (6.42) for P0 and P∞, the full solution can be recovered

from (6.23)–(6.26) and (6.32)–(6.36) as before.

The net effect of a bottom boundary is to halve the effective pressure gradient from

the thermal field that acts on the upper Ekman layer, so that an equal but opposite

pressure gradient can act on the lower Ekman layer to balance the vertical fluxes. The

thermal boundary layer is then an adjustment region from anticyclonic circulation close

to the upper Ekman layer to cyclonic circulation that matches with the interior flow

(and thence to the lower Ekman layer). We shall not concern ourselves further with the

case of a lower boundary, since the transformation H 7→
√

2H can be used to obtain the

solution of (6.43) from that of (6.40).
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Figure 6.3: Solutions to equation (6.40) for the dimensionless thickness H of the

thermal boundary layer as a function of the dimensionless horizontal coordinate X.

6.6 Solution for H(X)

Equation (6.40) is subject to the symmetry (ℓ = 0) or regularity (ℓ = 1) condition

H ′(0) = 0, and some kind of boundary condition at the plate edge X = 1. Since (6.40)

is invariant under the transformation (X,H) 7→ (αX,αH), the solution is of the form

H(X) = H(0)Φ(X/H(0)) , (6.44)

where Φ(X) is the solution of (6.40) with Φ(0) = 1 and Φ′(0) = 0.

For the planar strip (ℓ = 0) there is an analytic solution

Φ(ξ) = exp

{
−
[
erf−1

(
ξ
√

8/π
)]2}

. (6.45)

For the axisymmetric disc (ℓ = 1), the best we can do is a series expansion

Φ(ξ) = 1 − ξ2 − 1

4
ξ4 − 5

36
ξ6 − . . . (6.46)

about ξ = 0, which must be extended numerically.

In both cases, we find that Φ(ξ) → 0 and Φ′(ξ) → ∞ as ξ → ξ0, where ξ0 = (π/8)1/2

(ℓ = 0) or ξ0 = 0.845 (ℓ = 1). As shown in §6.7, the plate edge X = 1 corresponds

(at least to leading order) to the singularity at ξ = ξ0. From this we deduce that

H(0) = 1.596 (ℓ = 0) or 1.183 (ℓ = 1).
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The solutions for H(X) are shown in figure 6.3. Once H(X) is known, the full

solution for the fluid velocity and temperature can then be recovered from (6.23)–(6.26)

and (6.32)–(6.36) together with the scalings (6.11)–(6.15). As might be expected from

the geometry, a disc drains more effectively than a strip, in the sense that H(X) is

smaller for a disc.

6.7 Flow over the plate edge

In the solution described above,

H(X) ∼ (X0 −X)
[
−8 log(X0 −X)

]1/2
and H ′(X) ∼

[
−8 log(X0 −X)

]1/2
(6.47)

as X → X0, where X = X0 ≈ 1 is the location of the singularity of (6.40). The

divergence of H−1 and H ′ implies a divergence of the velocities in (6.25), (6.26), and

(6.33)–(6.36), and also of the heat flux from (6.23). Many of these divergences are only

logarithmic, but they indicate that the flow over the edge of the plate must be in a

different dynamic regime from that which governs the boundary-layer structure below

the rest of the plate. In order to calculate the asymptotic form of the total heat flux,

we need to examine the flow structure near the edge.

6.7.1 Asymptotic structure near the edge

Close to the plate edge, the thickness of the thermal boundary layer may become much

less than the fixed Ekman scale δE = LE−1/2. Rotational effects would then be negligible

and the flow would be in the same regime as that studied by Higuera (1993). We also

expect the gradient of the thermal boundary-layer thickness to become O(1) as the

corner is approached, at which point the fully two-dimensional equations must be used

instead of boundary-layer approximations. However, as shown below, the flow does not

pass directly from the solution of §§6.3–6.6 into either of these new regimes.

We estimate where the asymptotic approximations employed in §§6.3 and 6.4 cease to

apply by substituting the solution obtained for the plate interior into the full equations

(6.1)–(6.5) and examining the size of the neglected terms. We find that the approxima-

tions break down first in the thermal boundary layer as X → X0, due to one of two sets

of terms.

The first set relates to the growth of the ageostrophic velocity Ua as X → X0. As a

result of this growth, Ua can no longer be neglected in (6.27) and horizontal advection

can no longer be neglected in (6.29) and (6.31). These terms become significant when

H

H ′2
∼ Ra1/2E 5/4 ⇒ (X0 −X) ∼ Ra1/2E 5/4

(
log Ra−1/2E−5/4

)1/2
. (6.48)
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Figure 6.4: Sketches showing the two possible sequences of asymptotic regions near

the plate edge: (i) interior, (ii) transition, (iii) ‘non-rotating’ boundary layer, and (iv)

corner. The lengths are shown in terms of the dimensionless coordinates X and Z (see

(6.11)) and ǫ = Ra1/2E 5/4 ≪ 1. The unscaled slope of the thermal boundary layer is

dh/dx = (δT /L) dH/dX .

The second set relates to the growth of horizontal gradients as X → X0. Horizontal

diffusion becomes comparable with vertical diffusion in (6.29) and (6.31) when

H ′2 ∼ RaE 3/2 ⇒ (X0 −X) ∼ exp
(
−8RaE3/2

)
. (6.49)

From (6.17), both of these possibilities imply thatX0−X ≪ 1, and the exponentially

small factor in (6.49) makes it likely that (6.48) is attained first. We assume this to be

the case, and define ǫ = Ra1/2E 5/4 ≪ 1. The end of the interior regime thus corresponds

to the breakdown of geostrophy in the thermal boundary layer.

The previously calculated solution below the interior of the plate, region (i) in fig-

ure 6.4, applies until

(X0 −X) ∼ ǫ
[
log (1/ǫ)

]1/2
⇒ H ∼ ǫ log (1/ǫ) , H ′ ∼

[
log (1/ǫ)

]1/2
. (6.50)

At this point, the thickness of the thermal boundary layer is still much greater than

the O(ǫ) thickness of the Ekman layer, and the unscaled slope dh/dx is still small. We

therefore anticipate a transitional region (ii) in which rotational effects are still important
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and boundary-layer approximations still apply. This transition region continues until

either

H ∼ δE
δT

= ǫ or
dH

dX
∼ L

δT
= Ra1/2E−3/4 . (6.51)

These conditions correspond respectively to rotational effects ceasing to be leading order,

and to the slope of the thermal boundary layer becoming O(1). As outlined in Appendix

6.A, the Prandtl number controls which condition is met first (larger Pr favours the first

case).

In the first case there is a further region (iii) in which the unscaled slope dh/dx of

the thermal boundary layer is still small, and the flow is described by the non-rotating

boundary-layer equations. When the slope becomes O(1), the fluid enters a final region

(iv) in which it turns the corner and rises round the edge of the plate. These regions

are as shown in figure 6.4(a). Higuera (1993) analysed the singularity at the edge of

heated plate in a non-rotating system, and obtained solutions applicable to regions (iii)

and (iv). In the second case, region (ii) matches directly to the corner region (iv), as

shown in figure 6.4(b), and rotational effects also play a role in region (iv).

The horizontal pressure gradient driving the flow is proportional to the gradient of the

thermal boundary-layer thickness H, and the outward mass flux is an increasing function

of X due to the vertical upflow W . It is therefore reasonable to assume that in regions

(ii)–(iv) H ′ remains at least as large as the O([log 1/ǫ]1/2) value at the outer edge of

region (i). With the transition heights given by (6.50) and (6.51), this assumption about

H ′ sets upper bounds on the (dimensionless) lengths of these regions: O(ǫ[log 1/ǫ]1/2) for

region (ii) and O(ǫ[log 1/ǫ]−1/2) for regions (iii) and (iv). Regions (ii)–(iv) are therefore

all short compared with the total length of the plate. Since the transition from the

interior region (i) occurs at a distance O(ǫ[log 1/ǫ]1/2) before the singularity at X = X0,

and since regions (ii)–(iv) are also at most this length, we deduce that |1 − X0| =

O(ǫ[log 1/ǫ]1/2). Therefore it was indeed appropriate to set the singularity to coincide

with the plate edge when calculating the leading-order interior solution in §6.6.

6.7.2 The total heat flux

We turn now to calculation of the heat flux from the plate, for which the usual dimen-

sionless expression is the Nusselt number. We define this by

Nu = − 1

Lℓ∆T

∫ L

0
xℓ

∂T

∂z

∣∣∣∣
z=0

dx = −Ra1/2E 3/4

∫ 1

0
Xℓ ∂θ

∂Z

∣∣∣∣
Z=0

dX . (6.52)

The contribution Nu i to the heat flux from region (i) is found by integrating the

solution from §6.6 over most of the plate. Substituting from (6.32) and making use of
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(6.40), we obtain

Nu i ∼ Ra1/2E 3/4

∫ X0−ǫ(log 1/ǫ)1/2

0

Xℓ

H
dX ∼ 2−1/2Ra1/2E 3/4 [log (1/ǫ)]1/2 . (6.53)

An upper bound on the order of magnitude of the heat flux Nu ii from region (ii) of

the plate is obtained from a thermal boundary layer that decreases linearly in thickness

from O(ǫ log 1/ǫ) to O(ǫ) over a distance O(ǫ[log 1/ǫ]1/2). Computing the appropriate

integral, we find that

Nu ii . Ra1/2E 3/4 log [log (1/ǫ)]

[log (1/ǫ)]1/2
≪ Nu i (6.54)

For the case where region (iii) exists, we match the heat and mass fluxes and the

layer height to the solution presented by Higuera (1993) for a non-rotating plate (see

Appendix 6.A for details). The total heat flux in Higuera’s solution is dominated by

the heat flux from the interior of the plate rather than that from the singularity near

the edge. We find that regions (iii) and (iv) correspond to only a small end-region of

Higuera’s solution, and hence that the heat-flux contribution is small compared with

the flux Nu ii + Nu i entering from region (ii). Hence Nu iii + Nu iv ≪ Nu i. For the case

where region (iii) does not appear, the flux from region (iv) is included in the estimate

of Nu ii, since the thermal boundary layer H remains thicker than O(ǫ).

In all cases, we conclude that the total heat flux is dominated by the contribution

Nu i from the interior region, and hence that

Nu ∼ 2−1/2Ra1/2E 3/4
[
log
(
Ra−1/2E−5/4

)]1/2
. (6.55)

The main algebraic part of this scaling originates from δT /L = Ra1/2E−3/4 and is

associated with the confinement of the thermal boundary layer by Ekman suction. The

logarithmic factor arises from a further enhancement due to the singularity as the plate

edge is approached.

6.8 Uniform heat flux boundary condition

In §§6.3–6.7, we described the solution for a uniform plate temperature. The other

canonical boundary condition is that of uniform heat flux. The problem is then char-

acterised by a total heat flux (say 2Q for the strip and πQ for the disk), rather than a

temperature difference ∆T . We now need to determine the temperature of the plate as

part of the solution.
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The analysis for a uniform heat flux is quite similar to that for a uniform temperature,

and we are able to re-use the scalings of §6.2.2 by setting

∆T =
QδT
k L1+ℓ

(6.56)

in (6.6) and (6.15), where k is the thermal conductivity of the fluid. The thermal

boundary condition on the plate is then ∂θ/∂Z = −1 rather than θ = 1.

The main difference in the analysis is that it is necessary to keep θ0(X) as an extra

independent variable, since the temperature in the Ekman layer is unknown at the

outset. Integrating (6.22) across the Ekman layer, we obtain a boundary condition on

the temperature gradient at the top of the thermal boundary layer in the form

∂θ

∂Z

∣∣∣∣
Z→0

= −1 +
dθ0
dX

∫ ∞

0
U dζ . (6.57)

Following the previous analysis, we then obtain a pair of equations governing the

behaviour of the solution. The direct analogue of (6.40) is

1

Xℓ

d

dX

(
Xℓd(θ0H)

dX

)
+

4

H
= 0 , (6.58)

and we also have a new equation

θ0
H

= 1 +
1

4

d(θ0H)

dX

dθ0
dX

, (6.59)

which results from the application of (6.57) to the temperature profile (6.32).

The boundary conditions on (6.58) and (6.59) are θ′0(0) = H ′(0) = 0 from symmetry

or regularity and H(1) = 0 from matching at the plate edge. Invariance under the

transformation (X,H, θ0) 7→ (α3X,α2H,α2θ0) allows the solution again to be obtained

by rescaling a single integration from X = 0. The thickness H of the thermal boundary

layer and temperature θ0 of the plate are plotted in figure 6.5.

This time the heat flux near X = 1 is necessarily finite, but the layer thickness still

goes to zero and the mass flux diverges. This singularity (identified with the plate edge)

exhibits the local behaviour

H(X) ∼ (1 −X)
[
36(1 + ℓ)

]1/3[
− log(1 −X)

]2/3
, (6.60)

θ0(X) ∼
[

4

3(1 + ℓ)2

]1/3 [
− log(1 −X)

]−1/3
. (6.61)

As before, short correction regions must be introduced to regularise the flow in the

neighbourhood of the corner, but these do not affect the leading-order solution under

the interior of the plate.
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Figure 6.5: The dimensionless thickness H of the thermal boundary layer and the

dimensionless temperature θ0 of the plate as functions of the horizontal coordinate X

for the case of a uniform heat flux.

6.9 Conclusions

We have calculated asymptotic solutions for the Ekman and thermal boundary-layer

structures beneath a horizontal heated plate in a rapidly rotating system. For E−3/2 ≪
Ra ≪ E−5/2 the lateral drainage of hot fluid occurs primarily in the Ekman layer,

while the thermal boundary layer is much thicker than the Ekman layer and confined

by Ekman suction. The details of the breakdown of this structure near the edge of the

plate do not affect the solution at leading order, but simply serve to impose a boundary

condition of zero boundary-layer thickness at the edge.

In addition to the structure of the solution, the main results are the heat flux from a

plate held at a fixed temperature and the temperature distribution on a plate maintained

with a uniform heat flux, which are calculated for both a strip and a disc. In the fixed-

temperature problem, the asymptotic scaling (6.55) for the Nusselt number (including

the numerical pre-factor) applies to both geometries, which might initially be surprising.

However, this can be understood from the fact that the dominant contribution to the

heat transfer is due to the logarithmic singularity (6.47) as the fluid nears the plate edge.

This singularity is independent of the geometry, and the scalings employed are such that

the length of plate edge (in the y-direction) appears equivalent in the two geometries.

Comparing the Nusselt-number scaling (6.55) with the Ra1/5 scaling that applies in
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the absence of rotation, we see that the rotation inhibits the convection by a factor of

approximately (Ra1/2E 5/4)3/5[log(Ra−1E−5/2)]1/2 ≪ 1. Thus the rotation, and specif-

ically the confinement of the outflow to a thin Ekman layer, significantly reduces the

overall heat transfer.

While we have solved here two particular problems with uniform boundary condi-

tions, the method for the interior solution is more widely applicable. It would now be

relatively straightforward to produce solutions for any imposed temperature or heat flux

conditions.

Appendicies

6.A Matching up to the corner region

In the non-rotating version of the heated-plate problem (studied by Higuera, 1993, and

many others) there are well-defined scales for the (dimensional) horizontal mass flux

q and thermal boundary-layer thickness h. For an infinite strip of width 2L̂, with

corresponding Rayleigh number R̂a , it is found that

h = L̂R̂a
−1/5

f(η) , q = κR̂a
1/5
g(η) , (6.62)

where η = x̂/L̂ is the scaled horizontal distance from the centre of the strip. The

functions f and g are O(1) over most of the strip (with the obvious exception that

g(η) → 0 at the centre). Higuera (1993) examined the singularity at the edge of the

plate, and showed that f(η) ∼ (1 − η)1/4 in R̂a
−1/5 ≪ 1 − η ≪ 1 for Pr ≫ 1, whereas

f(η) remains O(1) with f ′ → ∞ as η → 1 for Pr = O(1). In both cases there is a

final region, analogous to region (iv) in figure 6.4, corresponding to flow round the plate

corner.

Returning to the rotating problem, the matching between the transition region (ii)

of figure 6.4 and a non-rotating boundary layer (iii) should occur where

h ∼ LE 1/2 , q ∼ κRa1/2E 3/4
(
log Ra−1/2E−5/4

)1/2
. (6.63)

Comparison of these values with those from the non-rotating solution yields the effective

length L̂ and matching point η∗. By examining the ratio q2/h3 to eliminate L̂, we obtain

g2

f3
∼
(
log Ra−1/2E−5/4

)1/2
≫ 1 . (6.64)

For Pr ≫ 1 this implies that (1 − η∗) ≪ 1 (i.e. region (iii) corresponds to only the

outermost part of non-rotating solution). For Pr = O(1) the matching condition (6.64)
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cannot be satisfied, which suggests that the quasi-parallel-flow condition dh/dx must

break down before H ∼ ǫ. In other words, region (ii) ends with a rotating analogue of

the singularity in slope identified by Higuera (1993), and region (ii) matches directly to

the corner region (iv) in which ∂h/∂x = O(1). In either case, the details of the flow in

these end regions affect neither the leading-order heat transfer nor the flow structure and

temperature distribution under most of the plate, and hence they will not be investigated

further here.



Chapter 7

A Note on Circulation in

Differentially Heated Rotating

Stratified Fluid and Other

Elliptic Problems

“The value of a problem is not so much coming up

with the answer as in the ideas and attempted ideas

it forces on the would be solver. ”— Israel Herstein

Synopsis

This chapter relates to the paper Circulation and boundary layers in

differentially heated rotating stratified fluid by J.A. Whitehead and J. Ped-

losky (2000; Dyn. Atmos. Ocean. 31, 1–21). Here we describe an alternative

method of solution for the theoretical model developed therein, and provide

a comparison with the original method used in the paper.

A paper based on the work described in this chapter has been publishing in the journal

Dynamics of Atmospheres and Oceans (Whittaker & Lister, 2005).

131
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7.1 Introduction

Whitehead & Pedlosky (2000), hereinafter referred to as WP, recently presented an

elegant model for circulation in a stratified rotating cylinder forced by heating at the

outer boundary. They obtained good agreement between their theoretical model and

experimental results, and discussed applications to deep circulation in marginal seas.

As part of the paper they produced an analytic solution to the model, by solving the

equations that we reproduce here in §7.2.2.
In §7.3, we present an alternative analytical method that has a number of advantages

over the original method employed in WP, though is also in some sense complimentary

to it. These advantages and comparisons of the numerical results are discussed in detail

in §7.4. Awareness of the two methods may be beneficial for the solution of other elliptic

problems in a box, such as potential flow or linearised quasi-geostrophic flow.

7.2 Background

7.2.1 Problem description

WP considered a cylindrical tank of radius R and height L, rotating about its vertical

axis with angular velocity 1
2f . The tank was filled with fluid of kinematic viscosity ν,

thermal diffusivity κ, thermal conductivity k, and thermal expansion coefficient β. A

temperature difference ∆T was maintained between the top and bottom boundaries to

impose a background stratification, and a small axisymmetric heat-flux perturbation

was applied at the side-wall.

The key dimensionless groups in the problem are the stratification number, S =

(gβ∆T )/(f2L); the Ekman number, E = (2ν)/(fL2) ≪ 1; the Prandtl number, σ =

ν/κ; and the aspect ratio of the tank, a = R/L. In dimensionless coordinates, the tank

occupies 0 ≤ z ≤ 1 in the vertical, and 0 ≤ r ≤ a in the radial direction. The radial,

azimuthal, and vertical velocities are represented by u, v, and w respectively. These

velocities are scaled with the thermal wind scale (gβQj)/(2πRkf), where Qj is the total

dimensional heat flux applied at the side-wall. The dimensionless distribution of this

flux is H(z). The temperature perturbation T is scaled by Qj/(2πRk).

7.2.2 Governing equations

Employing various leading order approximations (arising from E ≪ 1), WP showed

that the dimensionless velocities and temperature perturbation in the interior may all



Chapter 7. Circulation in Rotating Stratified Fluid 133

be expressed in terms of the pressure perturbation as follows:

u =
E

2

∂

∂r
∇2p , (7.1)

v =
∂p

∂r
, (7.2)

w =
E

2σS

∂

∂z
∇2p , (7.3)

T =
∂p

∂z
. (7.4)

Applying conservation of mass yields a single governing equation for the pressure:

(
∇2

h +
∂2

∂z2

)(
∇2

h +
1

σS

∂2

∂z2

)
p = 0 , (7.5)

where

∇2
h =

1

r

∂

∂r
r
∂

∂r
(7.6)

is the horizontal component of the Laplacian in this axisymmetric system.

Boundary conditions were derived by considering Ekman and buoyancy layers on the

horizontal and vertical boundaries respectively. In terms of the pressure, these translate

to

∂p

∂r
= 0 on r = a , (7.7)

∂

∂r
∇2p =

1

σS
H ′(z) on r = a , (7.8)

∂p

∂z
= 0 on z =

1

2
± 1

2
, (7.9)

∂

∂z
∇2p = ∓ σS

E1/2
∇2

hp on z =
1

2
± 1

2
, (7.10)

together with the usual regularity conditions at r = 0. It proves useful below to define

homogeneous versions of two of these conditions, namely

∂

∂r
∇2p = 0 on r = a , (7.8′)

∂

∂z
∇2p = 0 on z =

1

2
± 1

2
. (7.10′)

The mathematical problem (7.5)–(7.10) is a linear system for p, which is forced only

by the side-wall heat flux in (7.8).
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7.2.3 The original method of solution

The original method of solution employed in WP is to represent the pressure as a single

Fourier–Bessel series,

p(r, z) =

∞∑

n=1

Pn(z) J0(knr) , (7.11)

where Jν is a Bessel function of the first kind, and {kna} are the (ordered) zeros of J1,

starting with k0 = 0. The series (7.11) is then substituted into the governing equation

(7.5).

Since the Bessel functions individually satisfy the homogeneous condition (7.8′),

rather than (7.8), at r = a, the convergence is weakened there, and it is not valid

to successively differentiate term by term with respect to r. Instead, the governing

equation is multiplied by a test function r J0(kmr) and integrated between 0 and a.

The r-derivatives are handled using integration by parts, and contributions from the

inhomogeneous boundary condition are picked up from the evaluations at r = a.

Applying this technique, a set of fourth order ODEs is obtained for the functions

Pn(z) in terms of the side-wall heating H(z):
(

d2

dz2
− k2

n

)(
d2

dz2
− σS k2

n

)
Pn = − 2

a J0(kna)

dH

dz
. (7.12)

This set of equations needs to be solved subject to the remaining boundary conditions

(7.9) and (7.10). In the specific case studied in WP, H(z) = δ(z − 1
2). The equations

can therefore be solved separately (in terms of exponentials) in the upper and lower

halves of the domain, with the solutions being related by jump conditions at z = 1
2 in

the standard way. This takes advantage of the fact that H ′(z) = 0 almost everywhere;

if this were not the case, a set of fully inhomogeneous ODEs would have to be solved.

7.3 An alternative method of solution

7.3.1 Motivation

The delta-function singularity in H(z) will inevitably cause convergence problems in

the neighbourhood of (a, 1
2 ) for any series representation of the solution. However, by

using the series expansion in radial Bessel functions (7.11) with jump conditions on the

vertical functions Pn(z), these convergence problems extend all the way along the line

z = 1
2 .

Motivated by this difficulty, we propose an alternative method of solution. Instead

of representing the singular boundary condition with a horizontal expansion, we use

a vertical expansion; essentially a Fourier series in z. This removes the convergence
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problems along z = 1
2 , shifting the poorly resolved region to the boundary at r = a. As

we shall see in the discussion of the numerical results in §7.4, both methods have their

advantages.

7.3.2 Series decomposition

The alternative method involves writing the pressure as the sum of two components:

p = p1 + p2. The first component will satisfy the homogeneous conditions (7.7), (7.9),

and (7.10′). It is forced only by the direct sidewall heating (7.8). Accordingly, we

consider an expansion of the form

p1 =
∞∑

n=0

Qn(r) cos(nπz) . (7.13)

The second component, p2, must then satisfy the homogeneous conditions (7.7),

(7.8′), and (7.9). It is forced only by the need to cancel the contribution p1 makes to

the condition (7.10). We therefore use an expansion of the form

p2 =

∞∑

m=0

Rm(z) J0(kmr) , (7.14)

where the km are related to the roots of J1, as previously. This series is of the same

form as that used in the original method, though it also includes an m = 0 term, and

the functions of z will be different.

The cosines in (7.13) and Bessel functions in (7.14) are eigenfunctions of the operators

in the governing equation (7.5). They were chosen to satisfy the homogeneous conditions

on the horizontal and vertical boundaries respectively. The Bessel functions also satisfy

a regularity condition at r = 0. The functions Qn and Rm must now be found so

that the governing equation and the remaining boundary (and regularity) conditions

are satisfied.

7.3.3 Solution for p1

The functionsQn(r) are chosen so that each term in the sum (7.13) satisfies the governing

equation (7.5), satisfies the homogeneous condition (7.7), and is regular at r = 0. This

is achieved by using two sets of modified Bessel functions of the first kind (denoted Iν).

We obtain

p1(r, z) =
∞∑

n=0

An

(
I0(nπr)

I1(nπa)
−
√
σS

I0(nπr/
√
σS)

I1(nπa/
√
σS)

)
cos(nπz) . (7.15)
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The coefficients An are chosen to satisfy the forcing condition (7.8) at r = a. This

amounts to computing a Fourier series for H ′(z). For the specific case of H(z) = δ(z− 1
2 )

we obtain

A2n = 0 , A2n+1 =
2(−1)n+1

(2n + 1)2π2(1 − σS)
. (7.16)

7.3.4 The forcing of p2 by ∇2
hp1 at the horizontal boundaries

To evaluate the inhomogeneous boundary condition for p2 at z = 1
2 ± 1

2 , we must find

the contribution that p1 makes to (7.10). By construction p1 satisfies

∂

∂z
∇2p1 = 0 at z =

1

2
± 1

2
, (7.17)

but ∇2
hp1 6= 0 there. In fact, at z = 1

2 ± 1
2

∇2
hp1 = ∓

∞∑

n=1
n odd

2(−1)(n+1)/2

1 − σS

(
I0(nπr)

I1(nπa)
− 1√

σS

I0(nπr/
√
σS)

I1(nπa/
√
σS)

)
. (7.18)

In order to apply this contribution to the series for p2, we must transform it to a Fourier–

Bessel series of the same form as (7.14). Using standard Bessel function properties and

integrals (see formulae 5.54 and 8.406 of Gradshteyn & Ryzhik, 2000) we obtain the

expansion

I0(βr) =
I1(βa)

a

∞∑

m=0

2β

k2
m + β2

J0(kmr)

J0(kma)
. (7.19)

Using this result, and a closed-form expression for the sum over n (see formula

1.422(1) of Gradshteyn & Ryzhik, 2000), we are able to rewrite (7.18) in the required

form as

∇2
hp1 = ∓

∞∑

m=0

1

1 − σS

{
sech

(
km

√
σS

2

)
− sech

(
km
2

)}
J0(kmr)

a J0(kma)
, (7.20)

at z = 1
2 ± 1

2 . For other more general heating distributions, it may be necessary to

evaluate the sum over n numerically.

7.3.5 Solution for p2

The functions Rm(z) are chosen so that each term in the sum (7.14) satisfies the gov-

erning equation (7.5), and the homogeneous condition (7.9). Since the full expression

for the pressure p must satisfy (7.10), the final boundary condition for p2 is
(
∂

∂z
∇2 ± σS

E1/2
∇2

h

)
p2 = ∓ σS

E1/2
∇2

hp1 at z =
1

2
± 1

2
, (7.21)
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where the right-hand side is provided by (7.20). The symmetry of this forcing leads to

p2 being odd in (z − 1
2), so each Rm consists of two terms of the form C sinh k(z − 1

2).

Using the homogeneous conditions, the solution for p2, may then be written as

p2(r, z) =

∞∑

m=0

Bm R̂m(z)

√
σS

k2
ma (1 − σS)

J0(kmr)

J0(kma)
, (7.22)

where

R̂m(z) =

√
σS sinh

(
km(z − 1

2)
)

cosh
(

1
2km

) −
sinh

(
km

√
σS(z − 1

2)
)

cosh
(

1
2km

√
σS
) . (7.23)

Applying the final condition (7.21), we find that

Bm =
sech

(
1
2km

√
σS
)
− sech

(
1
2km

)

E1/2 (1 − σS) km − σS tanh
(

1
2km

)
+

√
σS tanh

(
1
2km

√
σS
) . (7.24)

This completes the solution. The pressure, p = p1 + p2, is given by (7.15)–(7.16) and

(7.22)–(7.24).

7.3.6 Reconstruction of the physical variables

The dimensionless physical variables u, v, w, and T , are easily recovered from p using

equations (7.1)–(7.4). It is also useful to construct a streamfunction ψ for the meridional

circulation:

u = −1

r

∂ψ

∂z
, w =

1

r

∂ψ

∂r
. (7.25)

This may be achieved by taking

ψ(r, z) =
E

2σS

∂

∂z

∫ r

0
r∇2p dr =

E

2σS

(
r
∂2p

∂r∂z
+

∂3

∂z3

∫ r

0
rp dr

)
. (7.26)

7.4 Comparison and discussion

7.4.1 Results

Contour plots using the series from the original and alternative methods are presented

for comparison in figures 7.1–7.4. Figures 7.1–7.3 use the same parameter sets as those

in figures 2–4 of WP. Note that the true aspect ratio is used here, and an additional

plot of the temperature perturbation has been included in each case.

Away from z = 1
2 and r = a, which are regions with weaker convergence, our plots of

the results from the two methods show very good agreement, and all visible differences

can be eliminated by using more terms in each series. We believe that both series
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Figure 7.1: Contour plots for S = 0.21, σ = 6.015, E = 9.37 × 10−5 for the azimuthal

velocity (top), meridional streamfunction (middle), and temperature perturbation (bot-

tom). The left-hand plots show the results from the original method of §7.2.3, while the

right-hand plots show those from the alternative method of §7.3. The first 100 terms

of each series are used. The contours for v, ψ, and T are equally spaced at intervals of

4 × 10−3, 4 × 10−6, and 3 × 10−2 respectively; with the zero levels at z = 1
2 , r = 0, and

z = 1
2 ± 1

2 .
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Figure 7.2: Contour plots for S = 0.84, σ = 6.015, E = 1.87 × 10−4. All other details

are the same as in figure 7.1, except for the contour spacing for the azimuthal velocity

v, which is two times smaller, i.e. 2 × 10−3.

accurately represent the exact solution there. (There is however a clear discrepancy in

the meridional streamfunction between our plots and those in the original paper, which

does not seem to be attributable solely to smoothing around z = 1
2 . All the other plots

and graphs in the original paper are consistent with our calculations, and we assume

that some error crept in when the meridional streamfunction was computed in WP.)

Comparing the two methods in figures 7.1–7.3, it can be seen that the original

method is prone to spurious oscillations along z = 1
2 , particularly for the smaller values

of σS. In contrast our alternative method is prone to spurious oscillations along r = a,
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Figure 7.3: Contour plots for S = 13.44, σ = 6.015, E = 7.5 × 10−4. All other details

are the same as in figure 7.1, except for the contour spacing for the azimuthal velocity

v, which is ten times smaller, i.e. 4 × 10−4.

particularly for larger σS. These observations can be explained from the convergence

properties described below.

Figure 7.4 shows a further comparison of the two methods, but this time with a

smooth distributed heat source, H(z) ∝ sin3(πz). As a result, convergence problems

are greatly reduced with both methods. Nevertheless, the superiority of the alternative

method can be seen in the plot of the azimuthal velocity.
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Figure 7.4: Contour plots for a heating distribution of H(z) = (3π/4) sin3(πz), with

S = 0.21, σ = 6.015, E = 9.37 × 10−5. The azimuthal velocity is calculated using both

the original method (top left) and the alternative method (top right). The two methods

produce indistinguishable results for the meridional streamfunction (bottom left), and

temperature perturbation (bottom right), so only one copy of each is shown. In all cases,

the first 15 terms are used in the series expansions. The contour intervals for v, ψ, and

T are 6× 10−4, 2× 10−6, and 7× 10−3 respectively; with the zero levels at z = 1
2 , r = 0,

and z = 1
2 ± 1

2 as before.

7.4.2 Discussion

The series derived using the original method of WP has two distinct components. The

first gives adjustment to the boundary conditions on the top and bottom boundaries and

is identical to the series for p2 in our alternative solution presented here. It converges

exponentially everywhere.

The second component gives adjustment to the forcing at z = 1
2 , and each term has

a discontinuity in P ′′
n (z) at z = 1

2 . Physically, these discontinuities should ‘sum’ to zero

everywhere along z = 1
2 , except at r = a where the boundary condition requires singular

behaviour. In fact, the discontinuity only converges to zero in the same weak sense that

the Fourier expansion of a delta-function converges to zero away from the singularity.
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In effect, the solution contains a Fourier–Bessel expansion (in r) of

∂2p

∂z2
= δ(r − a) θ(z − 1

2) , (7.27)

where θ(x) is the Heaviside step function. The functions Pn(z) only decay like n−3/2 on

z = 1
2 . From the delta-function in the second derivative, we might have expected n−2

decay, but the cylindrical geometry introduces a further factor of n1/2 via J0(kna). The

weak algebraic convergence at z = 1
2 leads to problems when computing the physical

variables; especially the streamfunction, which requires two derivatives. These problems

manifest themselves as spurious spatial oscillations in the contour plots.

In contrast, the alternative method presented in §7.3 does not have these convergence

problems near z = 1
2 . The singular boundary condition is represented as a Fourier series

in z, thus moving the convergence problems to r = a instead. Arguably, it is preferable

to do this, leaving the interior solution well-resolved.

Moreover, for a realistic heat distribution, involving a finite flux spread over a finite

height, the alternative method is likely to be superior. With the original method, the

whole of the horizontal strip(s) given by

{
(r, z) : r ∈ [0, a] & H ′(z) 6= 0

}
(7.28)

will suffer from weaker algebraic convergence (Pn ∼ n−7/2) with exponential convergence

limited to the remaining region. With the alternative method, exponential convergence

is obtained throughout the interior. Algebraic convergence is limited to the domain

boundary, where its rate is determined by the smoothness of H(z). For example, if

H ′(z) is continuous and vanishes within neighbourhoods of z = 1
2 ± 1

2 , then the algebraic

convergence is confined to r = a with the pressure coefficients decaying rapidly like n−5.

Also, in terms of numerical calculation, the original method requires the solution of

a set of fourth order inhomogeneous ODEs. The alternative method requires only the

calculation of the coefficients for two successive Fourier-like expansions.

One should also note that with both methods the exponential convergence will be

weak near the regions of algebraic convergence. In general, the terms in the series will

decay like e−nξ/ℓ n−k, where ξ is the distance from the algebraic region. We can regard ℓ

as a width-scale for the disrupted exponential region, or as an indication of the number

of terms we are likely to need from the series. For ψ, u, and w, we have ℓ ∼ (σS)−1/2

with the original method, and ℓ ∼ (σS)1/2 with the alternative method. (For p, T ,

and v, both methods also have an additional mode with ℓ ∼ 1, which is killed off by

the Laplacian when the other variables are computed.) This explains the observation

from the contour plots that the original method performs better for large σS, while the

alternative method performs better for small σS.
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7.4.3 Conclusions

In view of the different convergence properties, it is perhaps better to view these two

methods as complementary, rather than mutually exclusive, alternatives. For an accu-

rate numerical representation of the solution, it would be sensible to employ the original

method near r = a, and the alternative method near the region given by (7.28). Some

sort of weighted-average (presumably also dependent on the value of σS) could be used

to provide a smooth transition in between.

Stepping back from the particular problem solved here, we note that similar issues

arise in the choice of representation for solutions of other linear elliptic problems in

rectangular or cylindrical domains. The interior solution can be written as a sum of

separable solutions in a number of ways. The choice of sets of solutions that satisfy

some or all of the homogeneous and inhomogeneous boundary conditions substantially

affects the rate of convergence in different regions of the domain. The results presented

here thus serve as an illustration of a general point as well as a comment on the original

problem.



Chapter 8

Epilogue

“To infinity, . . . and beyond! ”— Buzz Lightyear

Toy Story

In this thesis, I have presented theoretical solutions to six distinct convection prob-

lems motivated by regimes relevant to geophysical flows. The problems considered in-

volve idealised or simplified systems, rather than attempts to model specific geophysical

flows in realistic detail. Nevertheless, the theoretical results are instructive about scal-

ings and balances, and they should prove valuable in helping to understand more realistic

systems and to test numerical codes.

Chapters 2 and 3 answer questions about structure of axisymmetric plumes at low

Reynolds number, in conditions similar to those of the Earth’s mantle. The results also

provided useful scalings and insight for the study of sheared plumes in Chapter 4.

There is still much more to do to develop further the model of sheared plumes in

Chapter 4. Further experimental work would be useful, and a full explanation of the

discrepancies between the model and the experiments needs to be found. One could also

look further at the applications to unsteady plumes and to non-uniform shear.

The similarity solution for the thermal in Chapter 5 contrasts with previous models,

and raises some interesting conceptual questions. There is a need for further experiments

with a sufficiently large tank to allow for the similarity solution to fully develop.

The solution for convection beneath a rotating plate in Chapter 6 is only a first step

in modelling the interaction of neighbouring stable and unstable regions in a convecting

system. More appropriate edge boundary conditions need to be considered, and if similar

analysis is to be applied to the core–mantle boundary then magnetic effects will almost

certainly need to be incorporated.

In addition to the alternative solution method described therein, Chapter 7 also

serves as a reminder that there is often more than one way of tackling a problem, and

that the first approach that appears to work is not always the best.
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