CDSRC Fluid—Structure Interaction: Shell Theory | The University of
ngineering and rysical siences AN 3D Flow Instability in Collapsible Tubes #& | Nottingham

R h Council
o earEn -OHNG ROBERT J WHITTAKER*, SARAH L WATERS *,
OLIVER E JENSEN* & MATTHIAS HEIL'

+ Centre for Mathematical Medicine and Biology, School of Mathematical Sciences, University of Nottingham
T Department of Mathematics, University of Manchester

1 Introduction and Overview 3 Fluid Mechanics 6 Extensionsto3D
Applications and Motivation e Assume a Newtonian fluid, and use the Navier-Stokes equations: Circular Tubewith n = 2 Oscillations
e Aim to examine the instabilities of axial flow through an elastic- du 9 A = Ag+O(€?) so only a weak axial sloshing
— -V = -V Veu=90
walled tube. Experiments in such systems develop spontaneous P (875 +(u )u) P pV - flow 1s driven. See Heil & Waters (2006) for
oscillations of the elastic membrane in various regimes. . : L. : cross-sectional flow. Axial flow weaker than
. . . o . e Assume flow remains laminar. Then expect an inviscid core with  the 2D d "
e Jensen & Heil (2003) studied the instabilities in a 2D channel in viscous Stokes layers near the walls. Assume these boundary lay- in the = case, and so any possible energy

order 1n e.

see 1f the same instability mechanism is present in 3D tubes. . . : : :
Y P e For asymptotic analysis, decompose variables in multiples of the

e Motivated by observed oscillations in Starling resistor experiments fundamental oscillation frequency w, and expand in powers of the
(and partly, in turn, by blood flow in larger arteries and veins). dimensionless amplitude €:

e Use a combination of numerical and asymptotic methods to ex-
amine the stability criteria and gain insight into the underlying
physical mechanisms. . (UQO g et ) +0(e)

e A recent review of work on collapsible tube and channel flows is
provided by Heil & Jenson (2003)

A = Ay + O(e), but unphysical and little dif-
ference from 2D case. Calculations for forced
oscillations indicate that that the 2D mecha-
nism still works, and energy can be transfered
to the wall.

u = upo + Upy elwt + € (ulO + U1 elwt + w19 621Wt)

Model Setup and Boundary Conditions 4 Solid Mechanics (She” T heor y) Elliptical Tube with n = 2 Oscillations

A simple setup 1s used, motivated by a Starling resistor: A flexible e Model tube wall as a thin shell using shell theory (see Wempner A=A)+ O(e) but we have .the additionz}l ef-
tube section of length L, pinned at both ends to two rigid sections & Talaslidis, 2003) and assuming linear elastic behaviour. Can . lectof stagnation point flow in cross-sections.
of lengths /. and Lo, and subject to an external pressure Fax¢. The derive equations for force balance on the shell mid-plane: .\, Currently working through the details to see
tube 1s filled with a fluid of density p and dynamic viscosity . A A A " 1if the cross-sectional flow affects the mecha-
length a characterises the cross-sectional width, and the flexible wall \ {W” YA,V (T PN )} +F+V, [G“ N } =0. nism. Analysis is complicated by the need to

has thickness /. use elliptical coordinates.

Notation: + stress, 7 torsion, A, in-plane basis vectors, /N surface normal,

fow direction Pext I’ external force per unit area, (" external moment per unit area. e Decompose wall deformations into a double Fourier series in the
P _ e For thin shells, the bending stiffness is much less than the exten- azimuthal and axial variables.
P, sional stiffness, which leads to interesting stability problems. e Assumed slenderness of the tube means cross-sections decouple
24 e Behaviour of an inextensible ring under uniform transmural pres- from one another to some extent.
- L, sure: buckles in n = 2 azimuthal mode (Flaherty et al., 1972). e Solve Poisson problem for the inviscid cross-sectional flow in the
Y L core, forced by the normal wall velocity.
A steady axial flow w of typical scale U 1s induced either by an g ) - | ‘ Scll‘e.tf.lge.s of * Mass continuity d.e termipes cross—sectiong lly uniform axial slosh-
: : . 2 9L _ cduilibrium ing flow and required axial pressure gradients.
applied pressure gradient along the tube or by a fixed flux condi- > . .
tion at one end. The elastic section of wall is supposed to undergo = ni _ ° SOIY? a moving boundary-layer problem to match tangential ve-
oscillations with amplitude d = ea, and frequency w = 27 /7. § - - O locities between the core and walls.
.%0—6 - / - C:/\D e Repeat at next order, and look at the energy budget.
el ]
Tube Collapse Under Steady Flow 85 e 1 C><D
Increasing the external pressure can cause the elastic section to par- A/Aq (area)
tially collapse, reducing the cross-sectional area. Axial tension will e Behaviour often extrapolated in an ad hoc fashion to form a ‘tube : . i
reduce this collapse, and the viscous pressure drop along the sec- law’, a pressure—area relationship, with additional dependence on 7 Numerics: Oomph I | b
tion (due to the mean flow) means that the collapse will be more axial variation. Simple example: An open-source object-oriented multi-physics finite-element library,
pronounced in the down-stream half. 9 initially developed by Matthias Heil and Andrew Hazel. Further de-
0-A . _ .
These effects lead to interesting coupled fluid—structure problems: P = Fijng(A) = k@ tails and download at: ht t p: / / vswv. oonph-11b. org/.
computing the shape of the collapsed tube, and also the resulting
pressure—flux relationships for steady flow. For example: Luo & e However, such simple tube laws don’t take account of the shape oomph-lib
Pedley (1995); Hazel & Heil (2003); Marzo et al. (2005) of the partially collapsed tube, and this 1s vital for accurate repre- the ohjeot-onienbed mulbiphysics Hnite-clement lbrany
sentations and modelling.
Forced vs. Free Oscillations e Buckling of long tube — axial tension can etfect which azimuthal
wavenumber n 1s the most unstable. Higher tension and/or a

e Primarily interested in the instability, together with the conditions shorter tube leads to larger n.
for 1t to exist, and an understanding of the mechanisms.

e Consider first periodic oscillations of a flexible wall, and calculate ~ —
the induced fluid flow.

e Examine the net energy transfer to (work done on) the wall. If
positive then that particular mode 1s unstable, and hence we should
expect a similar unstable mode to be able to grow spontaneously
in an unforced situation.

e As well as these 1mplications, such results also provide further 5 2D Mode and Mechanism In collaboration with Matthias Heil and Jonathan Boyle at Manch-
direct validation for numerics, without having to specify any par- _ . . . . ester, we aim to use numerical computations to further examine the
ticular wall elasticity model. Asymptotic analysis and numerical computations by Jensen & Heil stability of tube flows, with the asymptotic results providing mutual

(2003). Apply pressure boundary conditions at two ends, and use

checks on accuracy.

rigid sections of different lengths.

u
2 Parametersand Scaling % —
o w T — Acknowledgements
Key Dimensionless Groups | . . . . .
- .- . is research is part of an -funded project, wi e addi-
Th h is part of an EPSRC-funded project, with the add
e Oscillation amplitude: ¢ = — < 1 (small displacements) o - 2 tional co-worker Jonathan Boyle at the University of Manchester.
a Examine instability by considering energy budget:
2
a L.
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(4
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